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1 Introduction
We often judge a product’s quality by how many other people have bought it. Retailers publish

bestseller lists and sales ranks, and restaurants point diners to their most popular dishes. Such
information affects consumer demand (Cai et al., 2009; Sorensen, 2007), especially for unfamiliar
products, such as a debut novel or a newly released film, whose buyers have little experience on
which to base their own assessments.1 For a seller, an early purchase can therefore be valuable
beyond the revenue it brings: it may raise what future consumers are willing to pay. Some sell-
ers even go as far as posting fake reviews in order to manufacture favorable social information
(Mayzlin et al., 2014; Luca and Zervas, 2016).

Yet, a growing number of purchases need not represent a growing body of independent ev-
idence about quality. Some consumers may have favorable private information, whereas others
may simply be responding to earlier buyers’ choices. Indeed, learning from others’ purchases re-
quires accounting for both the prices they paid and the information they already had. A buyer who
knows that a product was discounted may still overestimate what its sales reveal if he neglects that
earlier customers were themselves following others. Treating each purchase as a separate endorse-
ment is simpler, but counts the same underlying information repeatedly. Experimental evidence
suggests that people often suffer from this form of inferential naïveté. In Eyster et al. (2018),
participants combine their private signals with predecessors’ estimates. When correct inference re-
quires subtracting information repeated across those estimates, participants frequently fail to make
the adjustment, and later estimates become excessively extreme. Kübler and Weizsäcker (2005)
find that subjects become more willing to follow a cascade as it grows, even though additional
decisions within the cascade should reveal no new information. Related evidence concerns the
neglect of correlations between information sources and naïve updating in networks (Enke and
Zimmermann, 2019; Chandrasekhar et al., 2020).2 For a seller, this mistake creates an opportu-
nity: prices influence not only current demand, but also the purchase history from which future
buyers learn. Buyers may attribute an observed purchase to favorable private information when it
actually reflects optimism that results from even earlier purchases. Thus, we ask whether a seller
can exploit this mistake to sustain demand and, if so, how she should set prices.

In this paper, we study optimal pricing by a monopolist facing successive buyers who make
this mistake. Her prices determine both who buys today and what later buyers infer from today’s
decisions. We show that the seller can manufacture favorable social information through genuine
purchases at fully observed prices. Once buyers have become sufficiently optimistic, the seller
can guarantee further purchases regardless of buyers’ private information; these purchases reveal
nothing about quality, yet later buyers read them as additional favorable private evidence. This
belief pumping gives the seller a reason to sacrifice current revenue in order to charge higher prices
later. We provide conditions under which such pumping is optimal and show that, once initial
optimism is established, a patient seller can earn almost as much per period as if her good were
known to have the highest possible value—even when it is worthless. Pumping cannot create
the initial optimism, however. The seller must first obtain a genuinely informative purchase, and

1Sorensen (2007) finds larger bestseller-list effects for debut authors, and Moretti (2011) finds stronger social-
learning effects for films about which consumers have less precise priors.

2The evidence however is not unanimous. Pooling data from cascade experiments, Weizsäcker (2010) finds that
subjects rely too little on others’ choices. In a sequential belief-elicitation experiment, Angrisani et al. (2021) find that
overconfidence in one’s own signal fits behavior better than redundancy neglect.
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failure to do so can leave buyers permanently pessimistic, even about a valuable good.
These findings have implications for welfare and policy. Purchases of a worthless good trans-

fer money from buyers to the seller and, when production is costly, use resources without creating
consumption value. Naïve learning can also produce the opposite inefficiency. After unsuccessful
early sales, buyers can remain pessimistic about a good that is valuable, so that some of them per-
manently forgo it even when it costs nothing to produce. As for policy, the manipulation we study
relies only on genuine purchases at prices that every buyer observes. Rules that target fabricated
evidence, such as bans on fake reviews, do not reach it. Similarly, requiring sellers to disclose past
prices would not help buyers who already see them: the harm arises from how buyers interpret a
sales record they observe in full.

We present the model in Section 2, where we introduce inferentially naïve buyers into the
dynamic monopoly framework of Bose et al. (2006, 2008). A long-lived seller offers a good that
is either valuable or worthless to a sequence of short-lived buyers, one per period; marginal cost is
constant and below the good’s value in the high state. Each buyer privately observes a signal drawn
from a finite set; conditional on the state, signals are independent across buyers. Moreover, signals
have full support and satisfy the monotone likelihood ratio property. Each price therefore divides
buyers into those whose signals are favorable enough to buy and the rest. Past prices and purchase
decisions, but not consumption outcomes, are observable. Following Eyster and Rabin (2010), we
assume buyers engage in best-response trailing naïve inference (BRTNI): each buyer interprets
every predecessor’s decision as if it reflected only that predecessor’s private signal and the initial
prior. A purchase is thus read as evidence that the predecessor’s signal was good enough for a
buyer holding only the prior to buy at that price, even if he in fact bought because earlier purchases
had made him optimistic. Buyers treat a decision as informative only at prices that such a buyer
would accept after some signals but not others; in the baseline, decisions at other prices, including
purchases at prices above this informative range, leave buyers’ belief unchanged. The seller has no
private information and updates correctly from actual demand, so her posterior and buyers’ public
belief can differ even though both are based on the same history. She chooses prices to maximize
expected discounted profit, anticipating how buyers purchase and how they read each decision. We
show that these two beliefs are the only payoff-relevant state: the seller has a stationary optimal
policy that depends only on them, and at each state an optimal price can be found among finitely
many candidates.

We begin the analysis in Section 3 by studying how prices affect buyers’ beliefs. Pumping
works because of the price at which the guaranteed sale occurs: once consumers are more opti-
mistic than the initial prior, the seller can charge a price that the current buyer accepts even with
the least favorable signal, but that a buyer relying only on the prior would accept only after a suf-
ficiently favorable one. Later consumers read the purchase as if the buyer had only the prior and
his own signal to go on, and so infer favorable information he may never have had. Repeating
such sales drives buyers’ belief toward certainty that the good is valuable. Had the seller instead
kept charging a price that only favorably informed buyers accept, an unfavorable signal would have
produced a rejection and lowered buyers’ belief; the price cut removes this risk, and the guaranteed
purchase is still interpreted as favorable evidence.

The same section also establishes the limits of this strategy and the cheapest way to raise
beliefs. At the initial prior, a price that every buyer accepts is also one at which later buyers
expect everyone to buy, so a guaranteed purchase cannot generate optimism. Repeated rejections
can instead leave buyers so pessimistic that no price can raise their belief, whereas sufficiently
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optimistic beliefs can never fall. Per unit of favorable inference, the seller gives up the least revenue
by selling at the highest price that buyers still regard as informative, since this sale yields both the
most revenue and the strongest inference available from a belief-raising sale.

Section 4 studies the case of a patient seller. Whenever buyers’ belief starts above the prior,
the seller’s per-period profit approaches the profit from selling to every buyer at the full value
of a good known to be valuable, irrespective of the good’s actual quality; we call this outcome
full exploitation. With rational buyers, by contrast, expected profit cannot exceed this maximum
multiplied by the actual probability that the good is valuable.

Reaching full exploitation takes time and price concessions. As the seller becomes more pa-
tient, the profit she forgoes relative to always charging full value grows only logarithmically with
her effective horizon: once pumping reaches the highest informative price, each further pump
shrinks the gap between full value and the price that every buyer accepts by roughly the same
proportion, so a few more pumping periods let her serve many more future buyers at nearly full
value. We determine the exact coefficient of this logarithmic cost and show that no pricing policy
can improve on it. Holding the prior fixed, the coefficient depends only on the strongest private
signal and falls when that signal becomes stronger.

At the common prior, by contrast, profit per period stays bounded away from the maximum
however patient the seller is, because her attempts to create optimism may fail. Below the prior,
she can learn quality through purchases that leave buyers’ belief unchanged, at a negligible cost
per period, so that in the limit she earns as much in expectation as if she had known quality from
the outset. We characterize her limiting profit at the prior and construct policies that attain it,
computing their probability of making buyers optimistic enough for pumping.

Section 5 turns from what a patient seller can achieve to how a seller with a given degree of
patience sets prices, assuming symmetric binary signals and zero marginal cost. When buyers are
sufficiently optimistic, we give a condition under which the seller pumps until their belief reaches
a threshold which rises with her patience, and then charges a constant high price forever. When
buyers’ beliefs are stuck at a pessimistic level, the seller can still learn about quality by charging a
price that only favorably informed buyers accept, and we characterize when she sacrifices current
profit to do so.

Under further sufficient conditions, the same pricing rule is optimal at every reachable be-
lief, whatever the seller’s posterior: she experiments at the prior with a price that only favorably
informed buyers accept, follows a rejection with a cheaper recovery experiment, and follows a pur-
chase with a price cut that starts pumping. We compute the probabilities of the resulting long-run
outcomes. A worthless good can end up being bought by every buyer forever, while a valuable
good can remain permanently under-purchased, with buyers’ belief stuck even as the seller even-
tually learns its quality. Greater patience can change how long the seller pumps and the eventual
price, but not these probabilities.

Section 6 considers two extensions. First, with finite patience and positive marginal cost, we
show that the seller may incur losses on early sales that create or amplify optimism, and recover
them through later high-price sales. Second, we show that if buyers instead read a purchase at a
price above the informative range as evidence of the strongest private signal, the seller can raise
prices while continuing to raise beliefs, and her total discounted shortfall from maximal profit
remains bounded as she becomes patient. Full exploitation thus survives this alternative updating
rule, although its cost changes.

Section 7 concludes by discussing some limitations of our analysis as well as potential direc-
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tions for future research. All proofs are in Appendix A. The remainder of this section discusses
the related literature.

This paper contributes to the literature on pricing with social learning. Welch (1992) shows that
a seller may set prices to trigger purchase cascades among rational buyers, and Caminal and Vives
(1996, 1999) study firms and consumers learning from market outcomes. The natural rational
benchmark for our model is provided by Bose et al. (2006, 2008), who characterize monopoly
pricing when prices control how much information buyers’ decisions transmit. Arieli et al. (2022)
show that, under dynamic price competition, rational consumers can learn asymptotically even
when private signals are bounded, and Avery and Zemsky (1998) show that, in financial markets,
prices set by a competitive, uninformed market maker absorb public information, which limits
herding. Other papers analyze dynamic pricing with reviews, ratings, and strategic consumers
(Crapis et al., 2017; Papanastasiou and Savva, 2017; Ifrach et al., 2019; Shin et al., 2023; Carnehl
et al., 2024; Chen et al., 2025). In all these papers, prices govern how information about quality is
produced, transmitted, or absorbed.3 In ours, the seller strategically uses prices to induce purchases
that carry no information but that later buyers read as private evidence.

The paper also belongs to the literature in behavioral industrial organization, which studies how
firms respond to consumers’ mistakes; see Spiegler (2011) and Heidhues and Kőszegi (2018) for
surveys. Most of this literature concerns how consumers evaluate products or contracts; here, as in
Gagnon-Bartsch and Rosato (2024), the mistake is in how they learn from one another. In Gagnon-
Bartsch and Rosato (2024), consumers infer quality from earlier purchases and prices but project
their own tastes onto others, so their inference about quality rises with the price at which others
bought; a monopolist then charges a high price early and lowers it afterwards, which leads to over-
adoption. Projection distorts how buyers read purchases that are informative about quality. With
BRTNI buyers, our seller can also raise beliefs through purchases that are not informative at all, and
once buyers are optimistic, her price rises over a run of such purchases. Qiu and Whinston (2017)
find that introductory discounts can prevent behavioral observational learning that would raise later
consumers’ willingness to pay; in our model, guaranteed purchases cannot create optimism at the
prior, but they amplify it once it exists.

Finally, the paper relates to work on information cascades (Banerjee, 1992; Bikhchandani et al.,
1992; Smith and Sørensen, 2000) and on naïve or misspecified social learning. Eyster and Rabin
(2010) introduce BRTNI, building on the cursed equilibrium of Eyster and Rabin (2005). Cursed-
ness has been applied to financial markets by Eyster et al. (2019), and to bilateral trade by Murooka
and Yamashita (2025). Rosato (2026) applies BRTNI to English auctions, where bidders decode
observed exits much as buyers here decode purchases, and in Bastianello and Fontanier (2025)
investors learn from prices while neglecting that prices already embed others’ inferences, which
closely parallels BRTNI in a market-clearing setting. Gagnon-Bartsch and Rabin (2026) show that
the redundancy neglect underlying BRTNI can lead a society that has learned the truth to abandon
it later, because later observers read behavior that reflects inherited beliefs as if it reflected private
information alone. In our model, the same neglect pushes buyers’ belief away from the prior in ex-
pectation, and belief pumping takes this force to its extreme. Eyster and Rabin (2014) show more
generally that learning rules in which people imitate several predecessors without anti-imitating

3Other work gives the seller additional instruments besides the price. In Chen and Papanastasiou (2021), a seller
who knows more about quality than consumers can seed observational learning with a fake purchase; in Mayzlin
(2006), firms post anonymous promotional messages in online communities. Our seller has no instrument other than
a posted price that every buyer observes.

4



any, as BRTNI buyers do, can lead to confident but wrong beliefs. Related work studies naïve
updating in networks (DeMarzo et al., 2003; Golub and Jackson, 2010; Dasaratha and He, 2020;
Mueller-Frank and Neri, 2021), coarse inference (Guarino and Jehiel, 2013), and learning under
misspecified models (Bohren, 2016; Frick et al., 2020; Bohren and Hauser, 2021).

2 Model
We build on the dynamic monopoly-pricing models of Bose et al. (2006, 2008), but assume

that buyers are inferentially naïve. A rational buyer interprets a predecessor’s purchase decision
taking into account the price he faced and what he learned from earlier buyers. A BRTNI buyer
also conditions on the price, but treats the predecessor as having used only his private signal and
the initial prior. As in their models, buyers observe every past price and purchase decision; thus,
the seller cannot conceal the terms on which earlier purchases were made, and the manipulation
we study does not rely on doing so.4

2.1 Environment
A long-lived monopolist sells a good to a sequence of short-lived, unit-demand buyers, one

arriving in each period t = 0, 1, 2, . . .. The seller and buyers are risk neutral. The good has
common value v ∈ {0, 1} and constant marginal cost c ∈ [0, 1). The seller and buyers have the
common prior P(v = 1) = µ0 ∈ (0, 1). The seller has no private information about v and discounts
future profits by δ ∈ [0, 1).

Each buyer receives a private signal from the finite set S := {1, . . . ,M}, where M ≥ 2.
Conditional on v, signals are independent across buyers, with P(st = s | v) = fv(s). We assume
full support, fv(s) > 0 for every v ∈ {0, 1} and s ∈ S, and strict MLRP: the likelihood ratio
LR(s) := f1(s)/f0(s) is strictly increasing in s.5 Because S is finite, full support implies that
likelihood ratios are bounded above and bounded away from zero.

At the start of period t, the seller and buyer t observe the public history ht := (pj, aj)j<t, with
h0 := ∅. Let Ft denote the sigma-field it generates. The seller posts a price pt ∈ [0, 1]. Buyer
t observes the price, privately receives st, and chooses at ∈ A := {0, 1}, where at = 1 denotes
purchase. His payoff is (v − pt)at, and the seller’s current profit is (pt − c)at. Buyers purchase
when indifferent. The pair (pt, at) is appended to the public history; neither the private signal nor
the buyer’s realized consumption payoff is observed by the seller or later buyers.

2.2 Beliefs, inference, and BRTNI decoding
We refer to the belief buyers hold before observing their signal as the public belief, while

their belief after observing their signal is their posterior belief. Let L(x) := log[x/(1 − x)] and
Λ(y) := ey/(1 + ey).6 For a private signal s, write λs := log[f1(s)/f0(s)]. A buyer with public

4Bose et al. (2008, footnote 5) note that if buyers observed purchases but not prices, the seller would want them to
believe that a sale had occurred at a high price, and that rational buyers cannot be misled in this way in equilibrium.

5With two states, signal realizations can be ordered by their likelihood ratios. Realizations with the same ratio
induce the same posterior and can be merged.

6We use the boundary extensions L(0) := −∞, L(1) := +∞, Λ(−∞) := 0, and Λ(+∞) := 1.
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belief x and signal s has posterior belief and willingness to pay

βs(x) := E[v | x, s] = Λ
(
L(x) + λs

)
.

By strict MLRP, β1(x) < · · · < βM(x) for x ∈ (0, 1). If exactly the signal types above s buy, a
sale reveals st > s and a rejection reveals st ≤ s. For s = 0, . . . ,M , define Fv(s) :=

∑s
j=1 fv(j)

and F v(s) := 1− Fv(s), with the empty sum equal to zero. For any belief x ∈ [0, 1], write

Fx(s) := xF1(s) + (1− x)F0(s), F x(s) := 1− Fx(s).

For s = 1, . . . ,M − 1, let

ℓs := log
F 1(s)

F 0(s)
, ms := log

F0(s)

F1(s)
. (1)

The corresponding log-odds increments are ℓs after a sale and −ms after a rejection. The next
lemma collects the properties of these objects.

Lemma 1. Under full support and strict MLRP:

(i) λ1 < 0 < λM .

(ii) 0 < ℓs ≤ λM and 0 < ms ≤ −λ1 for every s ∈ {1, . . . ,M − 1}.

(iii) (ℓs)
M−1
s=1 is strictly increasing with ℓM−1 = λM , whereas (ms)

M−1
s=1 is strictly decreasing with

m1 = −λ1.

Lemma 1 orders the informational content of the events that a price can generate. Raising the
cutoff makes a sale stronger evidence for v = 1 and a rejection weaker evidence against it. The
endpoint equalities follow because a sale at cutoff M − 1 reveals signal M , while a rejection at
cutoff 1 reveals signal 1.

From here on, we keep track of two beliefs. Let rt := P(v = 1 | Ft) denote the seller’s
Bayesian posterior. Following Eyster and Rabin (2010), a BRTNI buyer interprets each prede-
cessor’s decision as if that predecessor had used only the initial prior µ0 and his private signal,
neglecting his inference from earlier buyers’ actions. Let nt denote the belief buyer t forms from
ht before observing his own signal. Initially, r0 = n0 = µ0. Since the first buyer has no predeces-
sors, his action is decoded correctly and r1 = n1. From t = 2 onward, the seller’s posterior and
buyers’ public belief can differ, despite being based on the same public history. To see how the two
beliefs can diverge, suppose buyer 0 receives a favorable signal and buys. Buyer 1, encouraged by
that purchase, then buys at a price that he would accept even after an unfavorable signal, but that
a buyer holding only the prior would accept only after a favorable one. A rational buyer 2 under-
stands that buyer 1’s purchase was guaranteed and learns nothing from it. A BRTNI buyer 2 reads
it as a second favorable signal, and so counts buyer 0’s information twice: once through buyer 0’s
own purchase and once through the purchase it induced. This is the redundancy neglect found in
several of the experiments discussed in the Introduction, and it is what the seller will exploit.

The purchasing rule attributed to a predecessor with signal s is ā(p, s) := 1{p ≤ βs(µ0)}. This
rule induces the decoding bands

Is :=
(
βs(µ0), βs+1(µ0)

]
, s = 1, . . . ,M − 1. (2)

6



Let I :=
⋃M−1

s=1 Is = (p, p̄], where p := β1(µ0) and p̄ := βM(µ0). At a price p ∈ Is, a BRTNI
buyer interprets a sale as the event {signal > s} and a rejection as {signal ≤ s}. Prices in I are
in-band; all other prices are off-band. Write nt+1 = N(nt, pt, at) for the recursive update of the
naïve public belief. At a price p ∈ Is, a sale adds ℓs to L(n) and a rejection subtracts ms. Thus, µ0

determines how the price is decoded, while n is the belief being updated.7 Outside I , the imputed
purchasing rule predicts a sale with probability one when p ≤ p and a rejection with probability
one when p > p̄. The predicted action is uninformative. The opposite action has zero probability
under both values of v, so Bayes’ rule does not determine its effect on beliefs. We assume that
these unexpected actions also leave n unchanged.8

Assumption 1. For every n ∈ [0, 1], p /∈ I , and a ∈ {0, 1}, N(n, p, a) = n.

Thus,

L
(
N(n, p, a)

)
=


L(n) + ℓs, p ∈ Is, a = 1,

L(n)−ms, p ∈ Is, a = 0,

L(n), p /∈ I.

(3)

Under Assumption 1, only in-band observations change the naïve public belief. Section 6.2
studies an alternative completion that attributes unexpected off-band actions to extreme signals,
showing that this alternative makes manipulation easier.

2.3 Demand, transitions, and the dynamic program
At public belief n, the current buyer purchases if and only if p ≤ βst(n). For v ∈ {0, 1}, define

the state-conditional sale probability

dv(p, n) :=
M∑
j=1

fv(j)1{p ≤ βj(n)},

and the seller’s sale probability

D(p; r, n) := r d1(p, n) + (1− r)d0(p, n).

When the observed action has positive probability, the seller updates by Bayes’ rule:9

R1(r, n, p) :=
r d1(p, n)

D(p; r, n)
,

R0(r, n, p) :=
r [1− d1(p, n)]

1−D(p; r, n)
.

A price screens buyers when some signal types purchase and others reject. The next lemma
records actual demand, the associated Bayesian updates, and an upper bound on the price at which
a sale can occur.

7Because the decoded evidence is additive in log odds, updating recursively from n0 = µ0 gives the same belief as
inference from the full public history. Under the passive off-band rule introduced in Assumption 1, only the counts of
sales and rejections in each band matter, not their order.

8This completion is obtained from signal-independent trembles: if every signal type takes the unexpected action
with the same probability η > 0, that action has likelihood ratio one.

9On a zero-probability branch, set the corresponding posterior equal to r; this convention does not affect expected
payoffs.
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Lemma 2. Fix (r, n) and p.

(i) If p ≤ β1(n), a sale occurs surely and r is unchanged.

(ii) If βs(n) < p ≤ βs+1(n) for some s ∈ {1, . . . ,M − 1}, a sale occurs with probability F r(s).
The seller’s posterior becomes Λ(L(r)+ ℓs) after a sale and Λ(L(r)−ms) after a rejection.

(iii) If p > βM(n), no sale occurs and r is unchanged.

The naïve transition is given by (3), and a sale requires

at = 1 =⇒ pt ≤ βM(nt). (4)

The seller updates from actual demand, which depends on buyers’ current public belief n,
whereas later buyers decode the same action with bands fixed at the prior. The two beliefs can
therefore respond differently to the same event. A purchase that every current buyer would have
made leaves r unchanged, but it raises n whenever its price lies in a decoding band. This wedge is
what the seller exploits in the rest of the paper.

Let H denote the set of public histories. A pure pricing policy is a measurable map π : H →
[0, 1]; we also allow measurable randomization over prices after each history. Starting from (r, n),
the seller’s expected discounted profit under π and her value are

V π
δ (r, n) := Eπ

r,n

[∑
t≥0

δt(pt − c)at

]
, Vδ(r, n) := sup

π
V π
δ (r, n).

We define these continuation values for all (r, n) ∈ [0, 1]2, keeping the decoding bands fixed at the
initial prior µ0.

Expected current profit and the conditional distribution of the next state depend on the history
only through (r, n) and the chosen price. For a continuation value W , define the Bellman operator

(TW )(r, n) := max
p∈[0,1]

{
(p− c)D(p; r, n)

+ δD(p; r, n)W
(
R1(r, n, p), N(n, p, 1)

)
+ δ[1−D(p; r, n)]W

(
R0(r, n, p), N(n, p, 0)

)}
. (5)

Between successive demand or decoding cutoffs, raising the price changes neither demand
nor either belief transition, so it weakly increases current profit. The next proposition uses this
observation to reduce the price choice to a finite menu and establishes the existence of an optimal
stationary policy.

Proposition 1. For each n ∈ [0, 1], define T (n) := {0, 1} ∪ {βs(µ0) : s ∈ S} ∪ {βs(n) : s ∈ S}.
For every r and bounded continuation value W , the maximum in (5) is attained at a price in T (n).
Moreover, the pair (r, n) is a sufficient payoff-relevant state, and the operator T maps bounded
Borel functions into themselves and is a contraction with modulus δ in the sup norm. Its unique
bounded fixed point is Vδ, and a Borel-measurable deterministic stationary optimal policy exists.
Finally,

0 ≤ Vδ(r, n) ≤
1− c

1− δ
. (6)
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The reduction preserves the optimization over all history-dependent policies: an optimal price
can be chosen using only (r, n). The seller can compute both beliefs from the public history
without observing the current buyer’s private signal.

Together with the purchasing rule at = 1{pt ≤ βst(nt)}, an optimal stationary policy defines a
naïve-inference equilibrium. Buyers maximize expected utility under their BRTNI beliefs, and the
seller’s continuation policy is optimal after every public history given their actual purchasing and
updating rules.

3 Belief updating and manipulation
BRTNI beliefs lead to a wedge between actual demand, governed by the current naïve belief n,

and its subsequent decoding, governed by the imputed belief µ0. The seller can exploit this wedge
period by period. This section develops this manipulation technology without making any further
assumptions about discount factors or information structures.

3.1 Actual versus perceived information
For an in-band price p ∈ Is, write the naïve beliefs following a sale and a rejection as

n+
s (n) := Λ

(
L(n) + ℓs

)
, n−

s (n) := Λ
(
L(n)−ms

)
. (7)

The next proposition relates the expected change in the naïve public belief to the difference be-
tween the actual and perceived probabilities of a sale.

Proposition 2. Suppose n ∈ (0, 1), p ∈ Is. Let k ∈ {0, . . . ,M} be the actual demand cutoff
induced by (p, n), so that exactly the signal types j > k purchase. Then

E[nt+1 | rt = r, nt = n, pt = p]− n =
[
F r(k)− F n(s)

][
n+
s (n)− n−

s (n)
]
. (8)

Consequently:

(i) if k = s, the action is truthfully decoded and the sign of the drift is the sign of r − n;

(ii) if k = 0, the price is actually pooling and the naïve belief rises deterministically;

(iii) if k = M , no sale occurs and the naïve belief falls deterministically.

Equation (8) compares the actual sale probability F r(k) with F n(s), the probability implied
by buyers’ beliefs and the imputed cutoff. Since n+

s (n) > n−
s (n), the sign of this difference

determines the direction of expected belief change. Unlike the seller’s posterior, the naïve public
belief need not be a martingale.

When k = s,
F r(s)− F n(s) = (r − n)

[
F 1(s)− F 0(s)

]
,

so correctly decoded screening raises n on average when r > n and lowers it when r < n. If earlier
sales have produced n > r, such screening erodes optimism. A sure sale avoids this correction
because it reveals no new information about v. Conversely, an in-band price rejected by every type
lowers n with certainty while leaving r unchanged.

9



More generally, the difference between actual and perceived sale probabilities in (8) can be
written as

F r(k)− F n(s) =
[
F r(k)− F r(s)

]
+ (r − n)

[
F 1(s)− F 0(s)

]
.

The first term reflects the gap between the cutoff s that buyers impute and the actual cutoff k.
Above the prior, every type is more willing to pay than the decoding assumes, so k ≤ s and
this term is nonnegative; below the prior, k ≥ s and it is nonpositive. Naïve decoding therefore
pushes buyers’ belief away from the prior, even when it coincides with the seller’s: if r = n,
the expected change in n is nonnegative above the prior and nonpositive below it, and strictly so
whenever k ̸= s. The same neglect drives the “unlearning” studied by Gagnon-Bartsch and Rabin
(2026), in which later observers read behavior that reflects inherited beliefs as if it reflected private
information alone.

3.2 Belief pumping
Belief pumping uses an in-band price accepted by every signal type. The resulting sure sale

raises buyers’ belief without revealing information about v. Define pP (n) := min{β1(n), p̄}, and

ncap := Λ
(
L(µ0) + λM − λ1

)
. (9)

For n ∈ (µ0, 1), pP (n) is the highest in-band price accepted by every type.10 The cap binds exactly
when n ≥ ncap, or equivalently β1(n) ≥ p̄. The next proposition shows that, starting above the
prior, the seller can drive the naïve belief arbitrarily close to one through repeated sure sales, while
her own posterior remains unchanged.

Proposition 3. Fix any state (r, n) with n ∈ (µ0, 1), and suppose the seller posts pP (n). Then,

(i) pP (n) ∈ I; let s(n) be the unique index such that pP (n) ∈ Is(n);

(ii) every signal type buys, so a sale occurs surely and the seller’s posterior remains r;

(iii) the naïve belief becomes n+
s(n)(n), so its log odds rise by ℓs(n) ≥ ℓ1 > 0;

(iv) if n ≥ ncap, then pP (n) = p̄ ∈ IM−1, s(n) = M − 1, and L
(
n+
M−1(n)

)
= L(n) + λM .

Consequently, repeated pumping drives nt → 1 deterministically while rt remains fixed, and the
number of pumps needed to reach ncap from n is at most

K0(n) := max
{
0,
⌈
L(ncap)−L(n)

ℓ1

⌉}
. (10)

For illustration, let M = 2, µ0 = 1/2, and f1(2) = f0(1) = 7/10. The decoding band is
(3/10, 7/10]. At n = 7/10, even the low-signal buyer is willing to pay 1/2. Posting p = 1/2
therefore sells surely and leaves r unchanged. Later buyers, however, believe the purchaser had
only the prior and his own signal to go on, and at the prior a buyer pays 1/2 only after signal 2.
They therefore read the sale as evidence of signal 2 and raise their public belief to 49/58, at which
the maximum sure-sale price rises to 7/10.

10A sufficiently small reduction in pP (n) keeps the price in the same band and makes all types strictly prefer buying.
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Once n ≥ ncap, pumping at p̄ combines the highest in-band price with the largest log-odds
increase. Charging more requires leaving the decoding region, in which case the purchase decision
leaves n unchanged. Above the cap, every pump therefore sells at p̄, below the price β1(n) that
every buyer would accept. Section 3.3 measures this cost.

3.3 The limits and cost of belief manipulation
At sufficiently low beliefs, no in-band price produces a sale; at sufficiently high beliefs, every

in-band price does. Define the lower threshold

n := Λ
(
L(µ0) + λ1 − λM

)
∈ (0, µ0). (11)

The next lemma shows that beliefs cannot rise in the frozen region n ≤ n or fall in the ratcheted
region n ≥ ncap. These restrictions on belief updating give corresponding bounds on the seller’s
profit.

Lemma 3. For every r ∈ [0, 1], the following hold.

(i) If nt ≤ n, every in-band price is rejected and nt′ ≤ nt for every t′ ≥ t under every policy.
Every future sale occurs at a price no greater than p, and

Vδ(r, nt) ≤
(p− c)+

1− δ
. (12)

(ii) If nt ≥ ncap, every in-band price sells surely and nt′ ≥ nt for every t′ ≥ t under every
policy. Moreover,

Vδ(r, nt) ≥
(
β1(nt)− c

)+
1− δ

≥ (p̄− c)+

1− δ
. (13)

Both regions are absorbing.

For c > 0, exit is optimal whenever n ≤ n and βM(n) ≤ c. Beliefs cannot rise, so every future
sale has a nonpositive margin. Hence Vδ(r, n) = 0 for every r, attained by posting p = 1 forever.
In the ratcheted region, the lower bound follows by posting the fixed price β1(n) forever when
β1(n) ≥ c, and by not selling otherwise. These policies are feasible, but need not be optimal.

The thresholds are symmetric around the prior in log odds: L(ncap) − L(µ0) = λM − λ1 =
L(µ0)−L(n). Between them lies the contestable region n < n < ncap, where some in-band prices
screen buyers. At these prices, a sale raises n and a rejection lowers it. In the ratcheted region, any
screening price is off band and leaves n unchanged.

At or below the prior, every sure-sale price satisfies p ≤ β1(n) ≤ p and leaves n unchanged.
Raising n therefore requires an in-band sale at a price some signal types reject. Once µ0 < n < 1,
Proposition 3 instead allows beliefs to rise through sure sales alone. Starting from the prior, the
seller must obtain an informative purchase before pumping can begin.

We now measure the cost of raising beliefs relative to the benchmark flow profit 1 − c. An
in-band sale at p ∈ Is yields profit p − c and raises naïve log odds by ℓs, so its profit shortfall is
1− p. Let χ := (1− p̄)/λM > 0. The next lemma shows that χ is the minimum shortfall per unit
increase in log odds across in-band sales.
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Lemma 4. For every s ∈ {1, . . . ,M − 1},

1− βs+1(µ0)

ℓs
≥ χ, (14)

with equality if and only if s = M − 1. Consequently, every in-band price p ∈ Is satisfies

1− p ≥ χ ℓs. (15)

Equality holds for a sale at p = p̄: the shortfall is 1− p̄ and the log-odds increment is λM . For
n ∈ [ncap, 1), this sale is certain, so the seller can attain the bound through pumping. The seller’s
marginal cost does not enter χ, because it cancels from the profit difference (1 − c) − (p − c).
Section 4 uses this bound to characterize the seller’s optimal profit as δ ↑ 1.

4 The patient limit
In this section, we study the limit as δ ↑ 1, using normalized profits (1 − δ)Vδ(r, n). This

normalization expresses profit on a per-period basis, so that earning 1 − c in every period has
normalized value 1 − c. Patience allows the seller to recover the cost of pumping through later
sales, but does not eliminate the risk of unsuccessful initial experimentation. We first characterize
the seller’s profit and the cost of manipulation when buyers’ beliefs exceed the prior. We then ask
how much she can earn when beliefs start at or below the prior, and how likely experimentation is
to make buyers optimistic enough for pumping. Finally, we examine buyers’ payments and welfare
when v = 0.

4.1 Full exploitation and the rational benchmark
We first bound profits when buyers learn rationally. Let V R

δ (µ) denote the seller’s value with
Bayesian buyers and common public posterior µ.

Lemma 5. For every µ ∈ [0, 1] and δ ∈ [0, 1),

V R
δ (µ) ≤ (1− c)µ

1− δ
. (16)

With Bayesian buyers, individual rationality bounds expected current profits by (1− c)µt, and
the martingale property of µt gives (16). Under BRTNI, buyers’ valuations instead depend on nt.
Raising nt without changing rt can therefore yield profits above this rational-benchmark bound.

Consider a pump-and-harvest policy. Starting from n ∈ (µ0, 1), the seller pumps at pP (nt)
for K0(n) periods, then at p̄ for another N ≥ 1 periods. Let n∗ be the belief after the last pump.
The seller then charges β1(n

∗) forever. Every buyer purchases throughout. The next proposition
bounds this policy’s shortfall from (1 − c)/(1 − δ). Since optimal pricing yields at least as much
profit as this feasible policy, the same upper bound applies to the optimal profit shortfall.

Proposition 4. For every n ∈ (µ0, 1), r ∈ [0, 1], δ ∈ (0, 1), and integer N ≥ 1,

1− c

1− δ
− Vδ(r, n) ≤ K0(n) +N(1− p̄) +

e−[L(n)+λ1]e−NλM

1− δ
. (17)
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The first two terms bound forgone profits during pumping; the last bounds the discounted loss
from subsequent sales below a price of one. Increasing N raises the pumping cost but reduces the
subsequent price gap. The next proposition shows that, as δ ↑ 1, these losses become negligible in
normalized terms, so the seller’s profit approaches its upper bound 1− c.

Proposition 5. Normalized profit converges to 1− c, uniformly over the seller’s posterior and all
naïve beliefs above the prior:

lim
δ↑1

sup
r∈[0,1], n∈(µ0,1)

|(1− δ)Vδ(r, n)− (1− c)| = 0. (18)

Consequently, for every r ∈ [0, 1) and n ∈ (µ0, 1],

lim inf
δ↑1

(1− δ)
[
Vδ(r, n)− V R

δ (r)
]
≥ (1− c)(1− r) > 0. (19)

We call this outcome full exploitation. It is exploitation because the seller uses buyers’ distorted
beliefs to obtain payments exceeding their objectively expected consumption value: for each fixed
r < 1, buyers’ normalized expected surplus is negative in the patient limit. It is full because
normalized profit approaches 1− c, the largest feasible per-period profit.11

With rational buyers, normalized profit is at most (1 − c)r and therefore remains tied to the
probability that the good is valuable. Under BRTNI, whenever n > µ0, a patient seller’s profit
approaches 1 − c regardless of r. Even a seller certain that v = 0 attains the same limit as one
certain that v = 1, whereas the rational benchmark yields zero profit at r = 0. The seller gains by
raising buyers’ willingness to pay without learning anything new about the good or increasing its
value.

4.2 The price of manufactured evidence
Proposition 5 shows that normalized profit approaches 1 − c whenever n > µ0. The next

proposition quantifies the remaining difference between discounted profits and (1 − c)/(1 − δ).
For each fixed n ∈ (µ0, 1), this difference grows at rate χ log[1/(1− δ)], where χ is the minimum
cost per unit of log odds identified in Lemma 4.

Proposition 6. Let χ := (1− p̄)/λM > 0 as before.

(i) For every n ∈ (µ0, 1), r ∈ [0, 1], and δ ∈ (0, 1),
1− c

1− δ
− Vδ(r, n) ≤ χ log

1

1− δ
+ C(n), (20)

where
C(n) := K0(n) + (1− p̄) + e−[L(n)+λ1]. (21)

(ii) For every n ∈ (0, 1),

lim inf
δ↑1

inf
r∈[0,1]

1−c
1−δ

− Vδ(r, n)

log 1
1−δ

≥ χ. (22)

(iii) For every fixed n ∈ (µ0, 1),

lim
δ↑1

sup
r∈[0,1]

∣∣∣∣∣ 1−c
1−δ

− Vδ(r, n)

log 1
1−δ

− χ

∣∣∣∣∣ = 0. (23)

11The convergence is uniform even as n ↓ µ0, but excludes n = µ0.
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Part (i) uses the pump-and-harvest policy, which trades a lower earlier price during pumping
for a higher price on subsequent sales, with a number of top-band pumps that grows as the seller
becomes more patient. Once n ≥ ncap, each pump costs 1− p̄ relative to the benchmark flow and
multiplies buyers’ odds by eλM . The price that every buyer then accepts falls short of one by an
amount roughly inversely proportional to those odds. This gap is paid in every later period, so its
discounted cost is about the gap divided by 1 − δ, and it pays to keep pumping until the gap is of
order 1−δ. Because each pump shrinks the gap by approximately the factor e−λM , this takes about

N =

⌈
1

λM

log
1

1− δ

⌉
pumps, at a total cost of about χ log[1/(1 − δ)]. Part (ii) shows that no policy improves on this
coefficient: by Lemma 4, every unit of log odds that buyers gain costs the seller at least χ, and
a policy that accumulates fewer units loses more by selling below a price of one in later periods.
The discounted shortfall therefore grows without bound, but only logarithmically in the effective
horizon 1/(1− δ), and the normalized shortfall vanishes at rate (1− δ) log[1/(1− δ)].

For a fixed prior, χ depends on the signal structure only through λM , the log likelihood ratio
of the most favorable signal. A larger λM lowers χ for two reasons: it raises the top-band price p̄,
and it raises the evidence that buyers credit to a top-band sale. Along a sequence of finite signal
structures with µ0 fixed and λM → ∞,

χ(λM) =
1− Λ(L(µ0) + λM)

λM

∼ e−L(µ0)e−λM

λM

−→ 0.

The likelihood ratio that makes a genuinely selective purchase strong evidence of quality also
makes a pooling purchase persuasive when buyers mistake it for that evidence. A more informative
top signal therefore lowers the cost of each unit of manufactured evidence.12

4.3 Manipulation cannot start itself
The preceding maximal-profit result requires n > µ0. At the prior, no in-band price is accepted

by every type, so raising beliefs requires a purchase that is not guaranteed. To bound the resulting
risk, define

Kfr :=

⌈
λM − λ1

mM−1

⌉
, ∆c := 1− c− (p− c)+ = 1−max{c, p}. (24)

Starting from the prior, Kfr consecutive in-band rejections suffice to reach the frozen region, re-
gardless of the prices chosen. The constant ∆c is the difference between 1− c and the upper bound
on flow profits in that region. The next proposition shows that this risk prevents normalized profit
from approaching 1− c, however patient the seller is.

12Bounded likelihood ratios play two roles in our model. As in Smith and Sørensen (2000), where bounded private
beliefs allow rational herds to settle on the wrong action, they allow buyers’ belief to become permanently stuck: in
the frozen region, even a buyer with the most favorable signal rejects every in-band price, so no purchase can be read
as good news, and buyers’ belief cannot recover even if the good is valuable (Lemma 3). They also keep manufactured
evidence costly: χ is positive because λM is finite, and it vanishes as λM → ∞.
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Proposition 7. For every r ∈ [0, 1] and δ ∈ (0, 1),

(1− δ)Vδ(r, µ0) ≤ (1− c)−∆c

[
rf1(1)

Kfr + (1− r)f0(1)
Kfr

]
. (25)

The gap from 1− c is uniformly positive in r and δ.

Conditional on v, the probability that every attempted in-band price is rejected before the seller
either stops experimenting or reaches the frozen region is at least fv(1)Kfr . On these paths, any
sale occurs at a price no greater than p. Together with Proposition 5, this implies a discontinuity
in limiting normalized profit at n = µ0. An arbitrarily small amount of initial optimism permits
sure-sale pumping; at the prior, obtaining the first favorable purchase entails a risk that patience
cannot eliminate.

4.4 Experimentation at and below the prior
Strictly below the prior, a price at or below the lower edge of the decoding band still screens

buyers without being decoded, so the seller can learn about v while leaving n unchanged; Propo-
sition 8 shows that, for a patient seller, this learning is essentially free. The natural benchmark is
therefore a seller who knows v. Suppose that r = v, while buyers’ purchasing and inference rules
remain unchanged. At n ∈ (0, µ0], her best stationary off-band expected profit per period is

hv(n) := max

{
0, max

p∈[0,p]
(p− c)dv(p, n)

}
. (26)

The zero term allows the seller to stop selling. Alternatively, she can choose an in-band price. By
Proposition 1, it suffices to consider A(n) := T (n) ∩ I .

For W : (0, µ0] → [0, 1 − c], let Ŵ (x) = W (x) for 0 < x ≤ µ0 and Ŵ (x) = 1 − c for
µ0 < x < 1. Define

(QvW )(n, p) := dv(p, n)Ŵ
(
N(n, p, 1)

)
+ [1− dv(p, n)]Ŵ

(
N(n, p, 0)

)
. (27)

The continuation value above the prior is 1− c by Proposition 5. The next lemma characterizes the
known-state limiting value as a choice between stopping and further in-band experimentation.

Lemma 6. For each v ∈ {0, 1}, there is a unique bounded function Uv : (0, µ0] → [0, 1 − c]
satisfying

Uv(n) =


hv(n), n ≤ n,

max

{
hv(n), max

p∈A(n)
(QvUv)(n, p)

}
, n ∈ (n, µ0].

(28)

Moreover, for every n ∈ (0, µ0],

lim
δ↑1

(1− δ)Vδ(v, n) = Uv(n). (29)

Stopping yields the stationary flow hv(n); continued experimentation can raise n above the
prior, where the limiting value is 1 − c, or lead to the frozen region, from which recovery is

15



impossible. Since the seller already knows v, these experiments matter only through their effects
on buyers’ beliefs.

We now return to the original model, in which the seller does not observe v. For 0 < n < µ0,
write U(r, n) := rU1(n) + (1 − r)U0(n) for the posterior-weighted average of the known-state
limiting values. The next proposition distinguishes beliefs strictly below the prior from the prior
itself. For each band s ∈ {1, . . . ,M − 1}, let n−

s := Λ(L(µ0) − ms) and r−s := rF1(s)/Fr(s)
denote the beliefs after a rejection at n = µ0.

Proposition 8. For every r ∈ [0, 1]:

(i) For every n ∈ (0, µ0),
lim
δ↑1

(1− δ)Vδ(r, n) = U(r, n). (30)

(ii) At the prior,

lim
δ↑1

(1− δ)Vδ(r, µ0) = max
{
(p− c)+,

max
s=1,...,M−1

[
(1− c)− Fr(s)

(
(1− c)− U(r−s , n

−
s )
)]}

. (31)

For 0 < n < µ0, the price min{βM(n), p} screens buyers while leaving n unchanged. Re-
peating this price allows the seller to learn v with arbitrarily high accuracy. As δ ↑ 1, the learning
phase can occupy a vanishing fraction of the discounted horizon, yielding the mixture of known-
state values in (30).

At n = µ0, every off-band price is uninformative. An in-band sale raises n above the prior,
whereas a rejection leads to the below-prior recovery problem. Among experiments, (31) therefore
minimizes the probability of rejection multiplied by the loss in continuation value after a rejection.
Lower bands make a rejection less likely but produce a larger downward revision in n when it
occurs. Current profit disappears after multiplication by 1− δ, so the limiting choice depends only
on these continuation payoffs. When she experiments, her limiting payoff is thus the expected
value of a lottery: in state v, she obtains 1 − c if experimentation eventually lifts buyers’ belief
above the prior, and the stationary flow hv at the belief where experimentation stops otherwise. By
Bayes’ rule, each band’s limiting payoff is affine in r, making the prior value continuous, convex,
and piecewise affine.

We next ask how often policies that attain the limiting profit succeed in making buyers opti-
mistic enough for belief pumping. For each known state v, fix an optimal stationary experimenta-
tion rule σv for (28). At each belief it chooses an in-band price or stops experimenting and earns
hv(n) thereafter; it stops in the frozen region.13 Let ϕσ

v (n) be this rule’s probability, in state v, of
reaching n > µ0 before stopping. The next proposition combines the initial experiment with any
subsequent recovery attempts.

Proposition 9. Fix r ∈ [0, 1] and a band s whose experimental payoff attains the overall maximum
in (31). There is a sequence of policies whose normalized profits converge to the limiting value at
(r, µ0) and whose crossing probabilities in each state v ∈ {0, 1} converge to

πv(s; σv) = F v(s) + Fv(s)ϕ
σ
v (n

−
s ). (32)

13Different profit-optimal rules can have different crossing probabilities. We fix one rule for each state, including
how it resolves ties.
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The first term is the probability of an initial purchase; the second accounts for recovery after an
initial rejection. In state v = 0, this is the probability that the constructed policies reach the region
where full exploitation of a worthless good becomes feasible. If the stopping alternative in (31)
is optimal, repeating the best off-band action instead attains the limiting value with zero crossing
probability. The proof gives the recursion for ϕσ

v .

4.5 Buyer payments and welfare
Full exploitation can occur even when buyers receive no value from the good. The next propo-

sition describes their payments, the frequency of trade, and total surplus conditional on v = 0.
Here each normalized quantity is the corresponding expected discounted sum multiplied by 1− δ.

Proposition 10. Fix r ∈ (0, 1) and n ∈ (µ0, 1), and let (πδ) be any sequence of policies with
(1− δ)V πδ

δ (r, n) → 1− c; such sequences exist by Proposition 5. Conditional on v = 0:

(i) normalized seller profit converges to 1− c;

(ii) normalized trade frequency converges to one;

(iii) normalized buyer payments converge to one, and buyers’ normalized payoff converges to
−1;

(iv) normalized total surplus converges to −c.

Moreover, if Tδ is a random date drawn independently of the state and the entire market history,
with P(Tδ = t) = (1− δ)δt, then for every ε ∈ (0, 1),

P
(
aTδ

= 1, pTδ
≥ 1− ε | v = 0

)
−→ 1, (33)

and on this event nTδ
≥ Λ

(
L(1− ε)− λM

)
.

When v = 0 and c = 0, buyers’ losses are transfers to the seller: normalized buyer payoff
converges to −1 and seller profit to one, while total surplus remains zero. With c > 0, each sale
also uses resources worth c without creating any consumption value. Normalized total surplus
therefore converges to −c, rather than the zero attainable through no trade.

The final claim describes a date sampled according to the seller’s discount weights. As δ ↑
1, a purchase occurs at a price arbitrarily close to one with probability approaching one, even
conditional on v = 0. The sale-price bound then implies that the buyer’s public belief is also
arbitrarily close to one.

5 Finite patience with symmetric binary signals
We now study optimal pricing at a fixed discount factor. With symmetric binary signals, a

favorable and an unfavorable update cancel exactly. This allows us to characterize when the seller
stops raising buyers’ willingness to pay and when she sacrifices current profit to learn about quality.
We first solve the high- and low-belief regions, then give sufficient conditions for an optimal policy
at every reachable belief.
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Throughout this section, we assume c = 0, δ ∈ (0, 1), and f1(G) = f0(B) = α ∈ (1/2, 1),
with f1(B) = f0(G) = q := 1 − α. Thus, G and B correspond to signals 2 and 1 in the general
model. Let ℓ := log(α/q), θ := eℓ, and

g(x) :=
αx

αx+ q(1− x)
, b(x) :=

qx

qx+ α(1− x)

denote the posteriors after favorable and unfavorable evidence. Then, L(g(x)) = L(x) + ℓ,
L(b(x)) = L(x) − ℓ, and b(g(x)) = g(b(x)) = x. Screening produces a sale with probability
ρ(r) := q + (2α − 1)r according to the seller’s posterior r. Starting from the common prior, both
beliefs take values in

xk := Λ
(
L(µ0) + kℓ

)
, k ∈ Z, (34)

with g(xk) = xk+1 and b(xk) = xk−1. The decoding band is I = (x−1, x1], the high-belief cutoff
is ncap = x2, and the frozen boundary is n = x−2.

5.1 When to stop pumping
At n ≥ x2, every in-band price sells surely, so buyers’ beliefs cannot fall. The seller can pump

at x1, sell to everyone at the highest sure-sale price b(n), or screen at g(n). Screening reveals
information to the seller but, being off band, leaves buyers’ public belief unchanged. We give a
sufficient condition under which the seller prefers to sell to everyone, choosing only when to stop
pumping.

Let V PH(n) be the value when only pumping and harvesting are allowed. At n = x2, the price
b(x2) = x1 still pumps; harvesting without changing beliefs is available when n > x2. Define

δ̄H(n) :=
b(n)− x1

n− x1

, n ∈ [x2, 1). (35)

Since b(g(n)) = n, pumping once raises the subsequent harvest price from b(n) to n. For n >
x2, δ̄H(n) is the discount factor at which this investment just compensates for the current price
concession.

Proposition 11. Suppose
δx2 + (1− δ)x1 ≥ α. (36)

For every r ∈ [0, 1] and n ∈ [x2, 1), off-band screening is strictly suboptimal and Vδ(r, n) =
V PH(n). There is a unique n∗(δ) ∈ (x2, 1) satisfying δ̄H(n

∗(δ)) = δ. Pumping at x1 is optimal
below this threshold and harvesting at b(n) is optimal above it; both actions are optimal at the
threshold.

Condition (36) compares the return from a sure sale followed by harvesting with the largest
possible screening revenue. Under this condition, even learning the true quality cannot make
screening preferable. Pumping and harvesting both sell surely, so their profits depend on buyers’
willingness to pay, not on the seller’s assessment of quality. Pumping sacrifices b(n)−x1 today for
higher prices later. As beliefs rise, δ̄H(n) increases, so the seller eventually prefers to collect the
higher price. Condition (36) holds for every δ when µ0 ≥ 1/2, because then x1 ≥ α and x2 > x1.
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Choosing harvesting whenever the seller is indifferent, the number of pumps is

K∗(n, δ) := max

{
0,

⌈
L(n∗(δ))− L(n)

ℓ

⌉}
.

The resulting value is

V PH(n) =
x1[1− δK

∗(n,δ)] + δK
∗(n,δ)b

(
gK

∗(n,δ)(n)
)

1− δ
. (37)

A more patient seller sets a higher stopping threshold and makes weakly more pumps from any
given belief. As δ ↑ 1, n∗(δ) ↑ 1, consistent with the patient-limit analysis.

5.2 Learning when buyers’ beliefs are frozen
At n = xj with j ≤ −2, no price can raise buyers’ public belief. The seller can nevertheless

learn about quality by charging a price accepted only after a favorable signal. The following lemma
shows that deliberately lowering buyers’ beliefs is never worthwhile, leaving a choice between
pooling and screening.

Write Wj(r) := Vδ(r, xj) and let pPj := xj−1 and pSj := xj+1. Pooling at pPj sells surely and
leaves both beliefs unchanged. Screening at pSj reveals the buyer’s signal to the seller but leaves n
unchanged since pSj ≤ x−1 is off band.

Lemma 7. For every r ∈ [0, 1] and j ≤ −3, Vδ(r, xj) ≤ Vδ(r, xj+1). At every j ≤ −2, an in-band
price, which is rejected surely and lowers the naïve belief, is strictly suboptimal.

Lowering n reduces the prices buyers accept without revealing anything about quality. Under
an optimal policy, n therefore stays fixed. Only the seller’s posterior changes, and only when she
screens. To compare the two remaining prices, let d1 := α, d0 := q, and

∆v(j) := dvp
S
j − pPj , v ∈ {0, 1}. (38)

This is the difference between screening and pooling revenue in state v. Since ∆1(j) > ∆0(j),
screening is more profitable when the good is valuable. The next proposition characterizes the
seller’s choice for every α and δ in the ranges specified above.

Proposition 12. Fix j ≤ −2.

(i) If ∆1(j) ≤ 0, pooling forever is optimal at every seller posterior.

(ii) If ∆0(j) ≥ 0, screening forever is optimal at every seller posterior.

(iii) If ∆0(j) < 0 < ∆1(j), there is a cutoff r∗j ∈ (0, 1). Pooling is uniquely optimal when r < r∗j
and screening is uniquely optimal when r > r∗j ; both are optimal at equality. An optimal
policy screens while r > r∗j and pools forever once r ≤ r∗j .

In the first two cases, knowing v would not change the optimal price: the same action maxi-
mizes revenue in both states. In the third, a seller who knew quality would pool when v = 0 and
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screen when v = 1. Screening then has an additional benefit: its sales and rejections help the seller
decide which price to charge subsequently. The expression for the cutoff is given in the proof.

Let

r̂j :=
−∆0(j)

∆1(j)−∆0(j)
,

denote the myopic cutoff, the unique posterior at which the expected current flows from the two
actions coincide.

Corollary 1. In case (iii) of Proposition 12, r∗j < r̂j . Moreover, r∗j → r̂j as δ ↓ 0 and r∗j → 0 as
δ ↑ 1.

The gap between the two cutoffs is where the seller pays for information. For r ∈ (r∗j , r̂j),
Proposition 12 prescribes screening even though its expected current flow falls short of the safe
flow: the per-period premium is pPj −ρ(r)pSj , strictly positive on this interval and vanishing exactly
at r̂j , above which screening earns more today as well. Because the screening price is off band, it
leaves the naïve belief fixed, so this sacrifice buys nothing but the option value of learning the state.
The two limits in the corollary show how the value of information changes with patience: as δ ↓ 0,
the seller becomes unwilling to sacrifice current profit for information and the experimentation
region vanishes; as δ ↑ 1, experimentation becomes optimal at every interior posterior.

5.3 Optimal pricing and purchase cascades
We now give sufficient conditions under which the seller experiments at the prior, makes one

recovery attempt after a rejection, and switches to pumping after a purchase at the prior. The
conditions allow the same pricing rule to be optimal whether the seller knows that the good is
valuable, knows that it is worthless, or remains uncertain about quality.

Let Γv(n) := Vδ(v, n) denote the seller’s value when she knows v, keeping buyers’ purchasing
and inference rules unchanged. Revealing quality can only benefit the seller, so

Vδ(r, n) ≤ rΓ1(n) + (1− r)Γ0(n). (39)

If the same feasible pricing rule attains both known-state values without conditioning on v, its
expected payoff attains this bound for every r. It is therefore optimal even without knowledge of
quality. This observation lets us verify the proposed prices separately in the two states.

Assume (36) holds. Under the proposed policy, the continuation value after a purchase at the
prior is J1 := x0 + δV PH(x2): the seller pumps at x0 and then follows Proposition 11. For a
known-state sale probability d ∈ {q, α}, let JF

d , J0
d , and J−1

d be the unique solution to

JF
d =

dx−1

1− δ
, (40)

J0
d = dx1 + δ

[
dJ1 + (1− d)J−1

d

]
, (41)

J−1
d = dx0 + δ

[
dJ0

d + (1− d)JF
d

]
. (42)

Here JF
d is the value of screening forever at n = x−2. The other values correspond to screening at

x1 when n = x0 and at x0 when n = x−1. At n = x−1, a purchase returns buyers’ belief to the
prior, while a rejection leads to x−2.
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For screening to remain optimal throughout the frozen region even when v = 0, it is enough
that

x−3 ≤ qx−1. (43)

This compares screening and pooling revenue at n = x−2 and implies the same comparison at
every lower belief. Equivalently,

α >

√
5− 1

2
and µ0 ≤ µfr(α) :=

α2 + α− 1

α(2α− 1)
. (44)

The bound µfr increases with α. At µ0 = 1/2, the restriction reduces to α ≥ 2/3. The remaining
restrictions compare the proposed prices with pooling and with alternative screening prices at the
three intermediate beliefs.

Condition 1.

(a) Inequality (43) holds.

(b) For each d ∈ {q, α},

J1 ≥ max

{
x−1

1− δ
,
dx2

1− δ
, dx1 + δ

[
dV PH(x2) + (1− d)J0

d

]}
, (45)

J0
d ≥ x−1

1− δ
, (46)

J−1
d ≥ max

{
x−2

1− δ
, JF

d

}
. (47)

Inequality (45) makes a sure-sale pump preferable to pooling or further screening after an
initial purchase. Inequalities (46) and (47) make the initial experiment and the recovery attempt
worthwhile. The next proposition combines these choices with the policies in the two absorbing
regions.

Proposition 13. Suppose (36) and Condition 1 hold. The following stationary policy is optimal at
every (r, xj) with r ∈ [0, 1] and j ∈ Z:

(i) for j ≥ 2, follow the pump-and-harvest policy of Proposition 11;

(ii) at j = 1, pump at x0;

(iii) at j = 0, screen in band at x1;

(iv) at j = −1, screen in band at x0;

(v) for j ≤ −2, screen off band at xj+1 forever.

If all inequalities are strict and n∗(δ) ̸= xj for every j ≥ 2, the prescribed price is uniquely
optimal at each such state, and the same action pattern remains optimal in a neighborhood of the
parameter vector.

Under this policy, starting from n = µ0, the probability in state v of eventually entering the
high-belief region is

ϖv =
dv

1− dv(1− dv)
. (48)

The frozen region is reached with complementary probability.
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An initial purchase prompts a price cut from x1 to x0. The lower price guarantees a sale, which
buyers mistake for further favorable evidence. The seller then pumps until the higher future price
no longer compensates for the current concession. After an initial rejection, she instead offers one
lower-priced recovery experiment. A purchase restores the initial beliefs when starting from the
common prior; another rejection ends attempts to raise buyers’ beliefs, but not trade. The seller
continues selling only to buyers with favorable signals.

The probability in (48) includes repeated recovery attempts: a rejection followed by a purchase
restarts the problem at the prior. Conditional on quality, these probabilities do not depend on the
seller’s posterior or discount factor within the stated parameter region. Her ex ante probability of
reaching the high-belief region still depends on her assessment of quality, through rϖ1+(1−r)ϖ0.

The following example illustrates the price path under optimal manipulation and compares the
probability of a purchase cascade for valuable and worthless goods. It also shows how greater
patience can raise the eventual price without changing the probability of a cascade.

Example: purchase cascades on a worthless good. Return to (µ0, α) = (1/2, 7/10), as in the
illustration following Proposition 3. The inequalities in (36) and Condition 1 hold strictly for every
δ ∈ [4/5, 1), as verified in Appendix A. Thus, Proposition 13 applies throughout this interval. At
each such discount factor, the same intermediate- and low-belief actions remain optimal for nearby
parameter values.

At δ = 9/10, an initial sale at 7/10 is followed by a sure sale at 1/2. Starting from the resulting
belief x2, the seller pumps three more times at 7/10, reaches x5, and thereafter charges x4 =
2401/2482 ≈ 0.9674 to every buyer. Her value at the common prior is Vδ(1/2, 1/2) ≈ 5.4814. At
the same prior and discount factor, Lemma 5 bounds profit with rational buyers by 5. The profit
gain from naïve inference therefore survives the risk of unsuccessful initial experimentation.

After two consecutive rejections in the experimentation phase, buyers’ public beliefs instead
stay at x−2 = 9/58, and the seller charges x−1 = 3/10 forever. These purchases and rejections
reveal independent private signals, so the seller’s posterior converges almost surely to the true state.
Buyers’ public belief nevertheless remains fixed. Even learning that the good is valuable does not
allow the seller to restore their willingness to pay.

For every δ ∈ [4/5, 1),

ϖ0 =
30

79
, ϖ1 =

70

79
.

With the common prior 1/2, the unconditional probabilities are 15/79 for universal purchase when
v = 0, 35/79 for universal purchase when v = 1, and 29/79 for frozen beliefs. A valuable
good is more likely to reach permanent universal purchase, but a worthless good does so with
probability 30/79 ≈ 0.380. Misleading early purchases make this outcome possible; the seller’s
subsequent sure-sale pricing amplifies those purchases without producing further information. Pa-
tience changes how long she pumps and the final price, rather than the probabilities of the two
long-run regimes.

Failure to establish optimism need not shut down the market. It can nevertheless leave a valu-
able good permanently under-purchased. Conditional on v = 1, buyers’ beliefs freeze with prob-
ability 9/79. Thereafter, a fraction 3/10 of buyers forgo a good worth one that costs nothing to
produce. Averaging over quality and the two long-run regimes, the expected per-period welfare
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loss in the long run, relative to efficient trade, is

1

2
· 9

79
· 3

10
=

27

1580
.

Zero marginal cost therefore does not eliminate all allocation losses from naïve learning.14

On successful paths, the initial discount is followed by higher prices. The seller can charge
more because pumping raises buyers’ willingness to pay through purchases that reveal no new
information about quality.

6 Extensions
We now return to the general finite-signal model with marginal cost c ∈ [0, 1). We first exam-

ine when the seller incurs losses on early sales; then, we consider how buyers’ interpretation of
unexpected off-band actions affects the cost of manipulation.

6.1 Below-cost penetration pricing
With positive marginal cost, the seller may incur losses while obtaining the first favorable

purchase or while amplifying the optimism it creates. To identify below-cost sales along the pump-
and-harvest construction, for c ∈ (p, p̄) define

nP
c := Λ

(
L(c)− λ1

)
, (49)

as the belief at which the highest sure-sale price equals cost: β1(n
P
c ) = c. This cost restriction

implies µ0 < nP
c < ncap. When instead c > p̄, every price that can generate an initial sale is

below cost. The next proposition shows that a sufficiently patient seller nevertheless prefers to
experiment.

Proposition 14. Distinguish two cases:

(i) Suppose c ∈ (p, p̄). For every n ∈ (µ0, 1),

pP (n) < c ⇐⇒ n < nP
c . (50)

Starting at n0 ∈ (µ0, n
P
c ), repeated pricing at pP (nt) produces a finite, nonempty initial

sequence of below-cost sales. The pump-and-harvest construction attaining the sharp coef-
ficient χ in Proposition 6 has this initial phase whenever it starts in that interval.

(ii) Suppose c ∈ (p̄, 1). For all sufficiently high δ < 1, Vδ(µ0, µ0) > 0, and every optimal initial
price at the common prior belongs to I . The seller therefore earns strictly negative expected
current profit from her initial experiment.

14With rational buyers, Bose et al. (2006, 2008) show that a valuable good eventually generates a purchase cascade
almost surely when marginal cost equals the low value.
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In part (i), the loss-making sales are guaranteed. They raise future buyers’ willingness to pay
without revealing anything about quality, leaving the seller’s posterior unchanged. The losses end
once nt ≥ nP

c , although pumping may continue; the eventual harvest price exceeds p̄ > c.
In part (ii), the initial experiment does reveal information. A purchase raises buyers’ belief

above the prior and makes sure-sale pumping possible. The seller accepts a negative expected
current margin because this successful outcome opens a sufficiently profitable continuation.

Low introductory prices also arise without inferential naïvety: in Shapiro (1983), a monopolist
sets a low introductory price for an experience good whose quality consumers initially underes-
timate, because they learn it by using the good. The loss in part (ii) has a similar motive, since
the initial sale is informative. The losses in part (i) are different: those sales reveal nothing about
quality, but later buyers mistakenly interpret them as informative.

6.2 Optimistic off-band beliefs
Under passive decoding, sales above p̄ cannot raise buyers’ beliefs. Following the approach

in Eyster and Rabin (2010, footnote 12), we now attribute unexpected off-band actions to extreme
signals. The following assumption replaces Assumption 1; in-band decoding is unchanged.

Assumption 2. For p /∈ I , a sale at p > p̄ is decoded as signal M , so L(N(n, p, 1)) = L(n)+λM .
A rejection at p ≤ p is decoded as signal 1, so L(N(n, p, 0)) = L(n) + λ1. All other off-band
observations leave n unchanged.

Let V E
δ denote the seller’s value under Assumption 2, again allowing any c ∈ [0, 1). The next

proposition shows that, starting above the prior, the optimal discounted profit shortfall remains
bounded as δ ↑ 1.

Proposition 15. For every n ∈ (µ0, 1), r ∈ [0, 1], and δ ∈ (0, 1),

1−max{c, βM(n)} ≤ 1− c

1− δ
− V E

δ (r, n) ≤ K0(n) + 1 +
e−[L(µ0)+λM ]

1− e−λM
. (51)

In particular, the shortfall remains bounded as δ ↑ 1.

The upper bound comes from a policy that first pumps above ncap and then charges β1(nt) > p̄
in every period. Each purchase is certain, but buyers interpret it as evidence of the strongest signal.
Their willingness to pay therefore rises, allowing the seller to increase her price again. These
prices approach one fast enough that the total profit forgone relative to charging one in every
period remains finite, even without discounting.

Proposition 6 shows that under passive decoding the optimal discounted shortfall grows at
rate χ log[1/(1 − δ)]; under Assumption 2 it remains bounded. Full exploitation above the prior
therefore holds under both completions, and only its logarithmic cost depends on the passive rule.
Because the optimistic completion lets the seller raise both her price and buyers’ belief with the
same sale, the passive rule is the more conservative choice for our purposes: above the prior, it
makes manipulation more expensive.
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7 Concluding remarks
We have studied a monopolist selling to buyers who learn from earlier purchases but neglect

that those purchases already reflect what earlier buyers had learned. Such buyers let the seller
turn optimism into more optimism: once they are more optimistic than the prior, a price that every
current buyer accepts yields a purchase that tells the seller nothing but that later buyers read as
favorable private evidence. A patient seller who starts from such a state earns, on average, close to
the profit she would make selling a good known to have the highest possible value, irrespective of
the good’s actual quality, at a cost that grows only with the logarithm of the effective horizon. In
the extreme case of a good that is worthless for consumers but costly to produce, the manipulation
we identified ends up lowering total surplus, not just transferring it. At the prior, optimism must
instead be seeded by an informative purchase, and a run of unfavorable signals can leave buyers’
belief permanently low. With symmetric binary signals, we characterize the optimal policy at fixed
discount factors under sufficient conditions on primitives.

The model yields predictions that separate BRTNI from rational social learning. At the level
of individual inference, a BRTNI buyer’s response to an earlier purchase depends on the price
at which it was made, but not on how optimistic the earlier buyer already was; a rational buyer
discounts purchases by buyers who would have bought regardless of their signals. A laboratory
design in the spirit of Eyster et al. (2018) could hold fixed the price and choice of an early subject
while varying what that subject had observed. At the market level, prices can rise during a run
of purchases that every buyer would have made whatever his signal, as on the successful paths of
Section 5, whereas with rational buyers such purchases leave willingness to pay unchanged.

From a policy perspective, the manipulation we study uses only genuine purchases at prices
that buyers observe, so rules against fake reviews, such as the one adopted by the U.S. Federal
Trade Commission in 2024, do not reach it.15 The harm comes from how buyers interpret the sales
record. Hiding others’ purchases would prevent this mislearning, but it would also withhold the
information that genuine purchases convey.

We end the paper by discussing some of its limitations, as well as avenues for future research.
In our analysis, we take BRTNI as given and assume that all buyers engage in it. With a mix
of naïve and rational buyers, the seller would need to account for how rational buyers read her
prices. Moreover, buyers in our model observe the entire history of prices and decisions, whereas
many platforms report summaries such as sales ranks or purchase counts, often without the prices
at which purchases were made. How naïve buyers read such summaries, and how a seller prices
when only summaries are visible, is a natural next question. Our model features a single seller
and a good with a pure common value; competition among sellers and heterogeneous tastes, as in
Gagnon-Bartsch and Rosato (2024), could change both the incentive to manipulate and its cost. Fi-
nally, at fixed discount factors, we characterized optimal pricing only for symmetric binary signals
and under sufficient conditions, whereas for general signal structures, our analysis focused on the
patient limit; furthermore, our arguments relied on bounded likelihood ratios. We hope that future
research will be able to address these gaps.

15Federal Trade Commission, “Trade Regulation Rule on the Use of Consumer Reviews and Testimonials,” 16 CFR
Part 465, 89 Fed. Reg. 68034 (August 22, 2024).
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A Proofs

Proofs for Sections 2 and 3
Proof of Lemma 1. By full support and MLRP, h(s) := f1(s)/f0(s) = eλs is well defined and
strictly increasing. Since E0[h(S)] = 1, we have h(1) < 1 < h(M), and hence λ1 < 0 < λM .

For s ∈ {1, . . . ,M − 1},

F 1(s)

F 0(s)
= E0[h(S) | S > s],

F1(s)

F0(s)
= E0[h(S) | S ≤ s].

Both conditional means are strictly increasing in s. Moreover, because h is strictly increasing and
has unconditional mean one, the lower-tail mean is below one and the upper-tail mean is above
one. Hence ℓs,ms > 0. The upper-tail mean is bounded above by h(M), with equality only at
s = M − 1, while the lower-tail mean is bounded below by h(1), with equality only at s = 1.
Taking logs gives ℓs ≤ λM with ℓM−1 = λM , and ms ≤ −λ1 with m1 = −λ1. Their stated
monotonicity follows from that of the two conditional means, completing the proof. ■

Proof of Lemma 2. The purchasing rule selects an upper set of signals. If all types buy or all reject,
the realized action has probability one in both states and leaves r unchanged. Otherwise, for some
s ∈ {1, . . . ,M − 1}, a sale reveals {st > s} and a rejection reveals {st ≤ s}. Bayes’ rule gives
the posterior formulas in part (ii), including at r = 0, 1. The naïve update is (3). Finally, a sale
requires the highest-signal type to buy, giving (4). ■

Proof of Proposition 1. Fix (r, n) and order the distinct elements of T (n) as 0 = y0 < y1 < · · · <
yK = 1. For p ∈ (yk−1, yk], the inequalities p ≤ βj(n) and p ≤ βj(µ0) have the same truth values
as at p = yk. Actual demand and both belief transitions are therefore constant on this interval. The
objective in (5) is affine in p, with slope D(p; r, n) ≥ 0, so replacing p by yk cannot lower it. Since
0 ∈ T (n), the maximum is attained in T (n).

Expected current profit and the conditional distribution of the next state depend on the history
only through (r, n) and the chosen price. The candidate-price functions 0, 1, βs(µ0), and βs(n),
together with the associated demand and transition maps, are Borel measurable. Hence T maps
bounded Borel functions into themselves. For any two such functions,

∥TW − TW ′∥∞ ≤ δ∥W −W ′∥∞.

Thus T has a unique bounded Borel fixed point W . A fixed ordering of the candidate-price func-
tions gives a Borel-measurable maximizing price π∗(r, n).

For any history-dependent policy π, iterating the Bellman inequality gives

W (r, n) ≥ Eπ
r,n

[
H−1∑
t=0

δt(pt − c)at + δHW (rH , nH)

]
.

Equality holds under π∗. Since W and flow profits are bounded, letting H → ∞ yields W ≥ V π
δ

for every π and W = V π∗

δ . Therefore W = Vδ, and π∗ is optimal among all admissible policies.
Finally, posting p = c forever earns zero profit, whereas no policy earns more than 1 − c per

period. These observations give (6). ■
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Proof of Proposition 2. Under the true state distribution induced by r, a sale occurs with probabil-
ity F r(k), where Fr(k) := 1−F r(k). BRTNI buyers nevertheless update to n+

s (n) after a sale and
n−
s (n) after a no-sale. Therefore,

E[nt+1] = F r(k)n
+
s (n) + Fr(k)n

−
s (n).

A Bayesian with prior n who correctly interpreted the cutoff s would satisfy the martingale identity

n = F n(s)n
+
s (n) + Fn(s)n

−
s (n).

Subtracting gives (8). By Lemma 1, ℓs,ms > 0, so n+
s (n) > n > n−

s (n) and the second factor is
strictly positive. If k = s, strict MLRP implies F 1(s) > F 0(s), so the sign is the sign of r − n.
The cases k = 0 and k = M are immediate. ■

Proof of Proposition 3. Since n > µ0 and β1 is strictly increasing, β1(n) > β1(µ0) = p. Thus,
pP (n) = min{β1(n), p̄} lies in (p, p̄] = I , proving (i). Since pP (n) ≤ β1(n) ≤ βs(n) for every
s, the price is weakly below every type’s willingness to pay: the sale is certain and leaves r un-
changed, proving (ii). It is decoded according to the band containing pP (n), so log odds rise by
ℓs(n) ≥ ℓ1 > 0, proving (iii).

The inequality n ≥ ncap is equivalent to L(n) + λ1 ≥ L(µ0) + λM , or β1(n) ≥ p̄. Hence
pP (n) = p̄ ∈ IM−1 and the increment is ℓM−1 = λM , proving (iv). After K pumps from n, log
odds are at least L(n) +Kℓ1. Since ℓ1 > 0, repeated pumping therefore sends the naïve belief to
one while leaving r unchanged. Moreover,

L(n) +K0(n)ℓ1 ≥ L(ncap),

so at most K0(n) pumps are needed to reach ncap, as claimed. ■

Proof of Lemma 3. By construction, βM(n) = Λ
(
L(µ0) + λ1

)
= p. Hence, if n ≤ n, then

βM(n) ≤ p. Every in-band price is strictly above p, so no type buys and the naïve belief weakly
decreases, while off-band observations leave it unchanged. Thus n can never rise. Any future sale
must occur at a price no greater than βM(nt) ≤ p, so flow profit is at most (p − c)+. Summing
discounted profits gives (12).

If instead n ≥ ncap, then β1(n) ≥ p̄. Every in-band price therefore sells surely and satisfies
N(n, p, 1) ≥ n, while off-band observations leave n unchanged. Hence n can never fall and the
region {n ≥ ncap} is absorbing. Starting from n, posting the fixed price β1(n) forever induces
a sale at every date and yields (β1(n) − c)/(1 − δ). Combining this with Vδ(r, n) ≥ 0 from
Proposition 1 gives (13). ■

Proof of Lemma 4. Lemma 1 gives ℓs ≤ λM , while monotonicity of willingness to pay gives
βs+1(µ0) ≤ βM(µ0) = p̄. Therefore

1− βs+1(µ0)

ℓs
≥ 1− p̄

λM

.

Both inequalities bind only for s = M − 1. If p ∈ Is, then p ≤ βs+1(µ0), giving (15). ■
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Proofs for Section 4
Proof of Lemma 5. At a rational public history, a purchasing buyer pays no more than his posterior
expected value. Iterated expectations therefore give

E[(pt − c)at | Ft] ≤ E[(v − c)at | Ft] ≤ (1− c)µt,

where the second inequality uses (v− c)at ≤ (1− c)v in every realization. Since E[µt] = µ under
every pricing policy, summing discounted expected profits and taking the supremum over policies
proves (16). ■

For any policy π and initial state (r, n),

1− c

1− δ
− V π

δ (r, n) = Eπ
r,n

[∑
t≥0

δt
[
(1− c)− (pt − c)at

]]
. (52)

The period-t flow shortfall equals 1− pt after a sale and 1− c after a rejection, and lies in [0, 1].

Proof of Proposition 4. Consider the policy that pumps at pP (nt) for K0(n) periods, reaching nt ≥
ncap by Proposition 3, pumps N further periods at p̄, and thereafter posts β1(n

∗) forever, where
n∗ is the naïve belief after the last pump. Every one of these prices sells with probability one:
the pumps by Proposition 3, and the harvest price because it equals the lowest willingness to pay.
Since the first phase ends at or above ncap and each top-band pump adds λM ,

L(n∗) ≥ max{L(n),L(ncap)}+NλM ,

so with N ≥ 1, β1(n
∗) = Λ(L(n∗) + λ1) ≥ Λ(L(µ0) + (N + 1)λM) > p̄: the harvest price is off

band and the naïve belief stays fixed under Assumption 1.
The flow shortfall is 1 − pt ≤ 1 in each of the first K0(n) periods (the bound 1 cannot be

replaced by 1 − c, because early pump prices may lie below cost), 1 − p̄ in each of the N top-
band pumps, and 1− β1(n

∗) in every harvest period. Bounding discount factors by one and using
1− Λ(y) ≤ e−y,

1− β1(n
∗) ≤ e−[L(n∗)+λ1] ≤ e−[L(n)+λ1]e−NλM ,

and summing the three phases gives (17). ■

Proof of Proposition 5. Let

N(δ) :=

⌈
1

λM

log
1

1− δ

⌉
.

Then e−N(δ)λM ≤ 1− δ. Uniformly over n > µ0,

K0(n) ≤
⌈
λM − λ1

ℓ1

⌉
, e−[L(n)+λ1] ≤ e−[L(µ0)+λ1].

Multiplying (17) by 1− δ and using these bounds, the right-hand side is at most

(1− δ)

⌈
λM − λ1

ℓ1

⌉
+ (1− δ)N(δ)(1− p̄) + e−[L(µ0)+λ1](1− δ),

which vanishes because (1− δ)N(δ) → 0. Together with (1− δ)Vδ ≤ 1− c from (6), this proves
(18). Combining (18) with (16) gives (19) for n ∈ (µ0, 1). At n = 1, posting price one forever
yields (1− c)/(1− δ), so the same comparison holds. ■
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The lower bound in Proposition 6 uses two lemmas: a pathwise accounting inequality that
prices every period of every path—growth periods through Lemma 4, stagnation periods through
the sale-price cap (4)—and a deterministic estimate showing that no sequence of belief increments
escapes the resulting tradeoff. For a fixed path, write

Lt := L(nt), Gt := (Lt+1 − Lt)
+, At :=

∑
τ<t

Gτ .

Lemma A.1. Fix an initial n ∈ (0, 1) and any pricing policy. Let

κc := min

{
1− c,

1

2
e−[L(n)+λM ]+

}
> 0.

Then Gt ∈ {0} ∪ [ℓ1, λM ], and the realized flow shortfall satisfies

(1− c)− (pt − c)at ≥ χGt1{Gt > 0}+ κce
−At1{Gt = 0}. (53)

Proof. Under passive off-band beliefs, Gt > 0 only after an in-band sale. Then Gt = ℓs for some
s, at = 1, and Lemma 4 gives

(1− c)− (pt − c) = 1− pt ≥ χGt.

If Gt = 0 and a sale occurs, (4) gives

(1− c)− (pt − c) = 1− pt ≥ 1− βM(nt).

If no sale occurs, the shortfall is 1− c. The logistic bound

1− Λ(y) ≥ 1

2
e−y+

and Lt ≤ L0 + At imply

1− βM(nt) ≥
1

2
e−[Lt+λM ]+ ≥ 1

2
e−[L0+λM ]+e−At .

A no-sale shortfall also exceeds (1− c)e−At . Taking the smaller constant yields (53). ■

The next lemma bounds the resulting sum uniformly over all possible sequences of belief in-
creases.

Lemma A.2. Fix χ, κ > 0 and 0 < ℓ1 ≤ λM < ∞. For every η ∈ (0, 1/2) there exists δ̄(η) < 1
such that, for every δ ≥ δ̄(η) and every sequence Gt ∈ {0} ∪ [ℓ1, λM ],∑

t≥0

δt
[
χGt1{Gt > 0}+ κe−At1{Gt = 0}

]
≥ (1− η)2χ log

1

1− δ
. (54)

Proof. Let Ā := log[1/(1− δ)], Āη := (1− η)Ā, tη := ⌊η/(1− δ)⌋, and τ := inf{t : At ≥ Āη}.
For t ≤ tη, Bernoulli’s inequality gives δt ≥ 1− η.
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If τ ≤ tη, then ∑
t<τ

δtχGt ≥ (1− η)χAτ ≥ (1− η)2χĀ.

If τ > tη, then At < Āη for every t ≤ tη. At most (Āη + λM)/ℓ1 of those dates have Gt > 0.
Hence the contribution from dates with Gt = 0 is at least

κ(1− η)

[
tη + 1− Āη + λM

ℓ1

]
(1− δ)1−η.

Divided by Ā, this expression diverges as δ ↑ 1. It therefore exceeds the right-hand side of
(54) for all sufficiently large δ. The threshold δ̄(η) produced by this argument depends only on
(η, χ, κ, ℓ1, λM), not on the sequence, which is what permits taking expectations over random
paths in the proof of Proposition 6. ■

Proof of Proposition 6. For part (i), apply Proposition 4 with

N =

⌈
1

λM

log
1

1− δ

⌉
.

Then N(1− p̄) ≤ χ log[1/(1− δ)] + 1− p̄ and e−NλM ≤ 1− δ. Substitution into (17) gives (20),
with C(n) as in (21), for every r ∈ [0, 1].

For part (ii), fix n ∈ (0, 1) and η ∈ (0, 1/2). Lemma A.1 bounds the realized discounted
shortfall below by the left-hand side of (54), with κ = κc. This constant depends on n, c, and the
signal structure, but not on r, the policy, or the realized path. Lemma A.2 therefore gives, for all
sufficiently large δ, uniformly over all these choices,∑

t≥0

δt[(1− c)− (pt − c)at] ≥ (1− η)2χ log
1

1− δ
.

Taking expectations and then the infimum over policies in (52) yields

inf
r∈[0,1]

1−c
1−δ

− Vδ(r, n)

log 1
1−δ

≥ (1− η)2χ.

Taking the lower limit as δ ↑ 1 and then letting η ↓ 0 proves (22). For fixed n ∈ (µ0, 1), the upper
bound in part (i) and the uniform lower bound in part (ii) give (23). ■

Proof of Proposition 7. Fix a deterministic stationary optimal policy, which exists by Proposition
1. Let T1 < T2 < · · · be its successive in-band dates, let J ∈ {0, 1, . . .} ∪ {∞} be their number,
and let

E :=
{
aTk

= 0 for every k ≤ min{J,Kfr}
}
.

On E, no in-band sale ever occurs: the first min{J,Kfr} in-band dates are no-sales by definition;
and if J ≥ Kfr, those no-sales lower log odds by at least KfrmM−1 ≥ λM−λ1, placing the belief in
the frozen region, where Lemma 3 makes every further in-band date a sure no-sale. Since off-band
dates leave the naïve belief fixed, nt ≤ µ0 throughout on E.

At every in-band date with n ≤ µ0, the lowest-signal buyer rejects, because the price is strictly
above p = β1(µ0) ≥ β1(n); conditional on v and the history up to that date, a no-sale therefore
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occurs with probability at least fv(1). Induction over the first Kfr in-band dates, conditioning at
each FTk

, gives
P(E | v) ≥ fv(1)

Kfr .

On E, every in-band date yields zero profit. An off-band sale requires pt ≤ βM(nt) ≤
βM(µ0) = p̄ by (4), so its price cannot lie above the band and must be at most p. Normalized
profit on E is therefore at most (p− c)+; outside E it is at most 1− c. Hence,

(1− δ)Vδ(r, µ0) ≤ (1− c)−∆cP(E),

which gives (25). The uniform gap follows from full support. ■

Proof of Lemma 6. Fix v and write Wδ,v(n) := (1 − δ)Vδ(v, n). Because hv includes the option
of zero profit, prices below cost can be omitted when computing it. At every remaining price,
expected current profit is nondecreasing in n; hence hv is nondecreasing. If n ≤ n, Lemma 3
implies that beliefs cannot rise. Every future in-band action then yields zero profit, and every off-
band action yields expected current profit at most hv(n). Repeating an off-band action attaining
this flow therefore gives Wδ,v(n) = hv(n).

For an in-band price, define

(Qv,δW )(n, p) := (1− δ)(p− c)dv(p, n) + δEv[W (N(n, p, a))],

where a = 1 with probability dv(p, n). An off-band action leaves the known-state problem un-
changed, so its Bellman self-loop can be replaced by stopping at hv(n). Thus, on (n, µ0],

Wδ,v(n) = max

{
hv(n), max

p∈A(n)
(Qv,δWδ,v)(n, p)

}
.

At any in-band date before crossing the prior, the lowest signal induces rejection. A block of
Kfr such draws therefore reaches the frozen region. Under any experimentation rule, let K count
experiments before stopping, crossing the prior, or reaching that region. For every k ≥ 0,

Pv(K > k) ≤
[
1− fv(1)

Kfr
]⌊k/Kfr⌋ . (55)

Starting from U
(0)
v = hv, iterate the right-hand side of (28). The kth iterate allows at most k

experiments before stopping. The iterates increase and are bounded by 1− c. The tail bound (55)
gives uniform convergence to a solution Uv; unrolling any two bounded solutions for k experiments
gives uniqueness by the same bound. Each iterate is Borel measurable, so Uv is as well.

For a fixed k and initial belief, the experiment tree is finite. Its current profits vanish after mul-
tiplication by 1−δ, its discount factors converge to one, and its continuation values above the prior
converge uniformly to 1− c by Proposition 5. Backward induction therefore gives convergence of
the k-experiment normalized value to U

(k)
v . Allowing additional experiments changes either value

by at most (1−c) times the right-hand side of (55). Taking δ ↑ 1 and then k → ∞ proves (29). ■

Proof of Proposition 8. Write Wδ(r, n) := (1− δ)Vδ(r, n) and Wδ,v(n) := Wδ(v, n). Revealing v
to the seller can only increase value, so

Wδ(r, n) ≤ rWδ,1(n) + (1− r)Wδ,0(n).
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For the reverse limiting inequality in part (i), fix n ∈ (0, µ0) and repeatedly post q(n) :=
min{βM(n), p}. Since β1(n) < q(n) ≤ βM(n), this off-band price screens buyers while leaving
n fixed. Conditional on v, purchases are independent Bernoulli observations with distinct state-
dependent probabilities. After Tδ := ⌈(1 − δ)−1/2⌉ observations, let v̂δ be a likelihood-ratio-test
estimate, with εδ,v := Pv(v̂δ ̸= v) → 0. Then (1− δ)Tδ → 0 and δTδ → 1.

After estimating state w, follow an optimal policy for the known-state-w problem. On a correct
estimate its normalized continuation payoff is Wδ,v(n); on an incorrect estimate it is at least −c.
Since 0 ≤ Wδ,v(n) ≤ 1− c, the conditional expected continuation payoff is at least Wδ,v(n)− εδ,v.
Hence

Wδ(r, n) ≥ − c(1− δ)Tδ

+ δTδ

[
rWδ,1(n) + (1− r)Wδ,0(n)−max

v
εδ,v

]
.

Combining this inequality with the upper bound and Lemma 6 proves part (i).
At n = µ0, every off-band price leaves both beliefs unchanged, and the best stationary flow is

(p− c)+. This self-loop can again be replaced by stopping. By Proposition 1, each in-band choice
can be represented by p = βs+1(µ0). Its normalized current profit is (1 − δ)(βs+1(µ0) − c)F r(s),
which vanishes in the limit. A sale leads to n+

s := Λ(L(µ0) + ℓs) > µ0 and r+s := rF 1(s)/F r(s);
a rejection leads to (r−s , n

−
s ) with n−

s < µ0. Proposition 5 and part (i) therefore give the limiting
experimental payoff

(1− c)F r(s) + Fr(s)U(r−s , n
−
s ) = (1− c)− Fr(s)

[
(1− c)− U(r−s , n

−
s )
]
.

The maximum is over finitely many bands, so the limit passes through it, proving part (ii). Finally,
Bayes’ rule gives

Fr(s)U(r−s , n
−
s ) = rF1(s)U1(n

−
s ) + (1− r)F0(s)U0(n

−
s ),

which also establishes that each band’s limiting payoff is affine in r. ■

Proof of Proposition 9. For n ∈ (n, µ0], let

A∗
v(n) := {stop : hv(n) = Uv(n)} ∪ {p ∈ A(n) : (QvUv)(n, p) = Uv(n)}, (56)

and set A∗
v(n) = {stop} in the frozen region. The iterates defining Uv in the proof of Lemma 6 are

Borel measurable and converge uniformly. Thus Uv is Borel measurable. Since A(n) consists of a
finite family of Borel candidate-price functions, a Borel measurable rule σv(n) ∈ A∗

v(n) exists.
Let K be the number of experiments under this rule before crossing above the prior or stopping.

The bound (55) applies, so K has a uniformly bounded mean. Iterating the equality for the chosen
action in (28) shows that its expected terminal payoff is Uv(n), where the terminal payoff is 1 −
c upon crossing and hv upon stopping. Hence the rule is optimal for the limiting known-state
problem.

To compute its crossing probability, extend any ϕ : (0, µ0] → [0, 1] by

ϕ̃(x) :=

{
1, x > µ0,

ϕ(x), x ≤ µ0.
(57)
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Conditioning on the first action gives

ϕσ
v (n) =


0, σv(n) = stop,

dv(p, n)ϕ̃
σ
v (N(n, p, 1))

+ [1− dv(p, n)]ϕ̃
σ
v (N(n, p, 0)),

σv(n) = p.
(58)

If ϕ and ϕ′ are two bounded solutions, iterating for k experiments gives

|ϕ(n)− ϕ′(n)| ≤ ∥ϕ− ϕ′∥∞Pv(K > k).

The right-hand side vanishes uniformly by (55), proving uniqueness.
Now start from (r, µ0) with price βs+1(µ0). An initial sale crosses above the prior with proba-

bility F v(s). After a rejection, use the off-band learning phase from the proof of Proposition 8 at
n−
s , then follow σv̂δ , where v̂δ is the estimated state. When the rule stops, repeat an off-band price

attaining hv̂δ , or exit if its zero branch binds. After any crossing, use the pump-and-harvest policy
from the proof of Proposition 5.

The probability of estimating v incorrectly vanishes. The learning phase has length Tδ with (1−
δ)Tδ → 0, and the remaining number of experiments has bounded mean by (55). Their normalized
profit contributions therefore vanish, and the expected discount factor applied to terminal payoffs
converges to one. Uniform convergence above the prior then gives the state-v limiting payoff

(1− c)F v(s) + Fv(s)Uv(n
−
s ),

and the conditional crossing probability converges to (32). Taking the r-weighted average of these
payoffs and applying Bayes’ rule gives the band-s term in (31). Since s maximizes that expression,
the constructed policies attain the limiting optimum. ■

Proof of Proposition 10. Let Πv,δ denote normalized seller profit conditional on state v under πδ.
Each lies weakly below 1−c, and rΠ1,δ+(1−r)Π0,δ → 1−c; because r ∈ (0, 1), both conditional
components converge to 1− c, proving (i). Let

Qa
0,δ := (1− δ)E

[∑
t

δtat

∣∣∣ v = 0
]
, Qp

0,δ := (1− δ)E
[∑

t

δtptat

∣∣∣ v = 0
]

denote normalized trade frequency and buyer payments. Since (pt − c)at ≤ (1 − c)at, we have
Π0,δ ≤ (1 − c)Qa

0,δ, so Qa
0,δ → 1 while Qa

0,δ ≤ 1, proving (ii). The identity Qp
0,δ = Π0,δ + cQa

0,δ

gives Qp
0,δ → 1; conditional on v = 0 buyers receive no value, so their normalized payoff is

−Qp
0,δ → −1, proving (iii); and normalized total surplus is −cQa

0,δ → −c, proving (iv).
For the final claim, E[pTδ

aTδ
| v = 0] = Qp

0,δ → 1. Since ptat ≤ 1,

1− E[pTδ
aTδ

| v = 0] ≥ εP
(
pTδ

aTδ
≤ 1− ε | v = 0

)
,

which proves (33). On a sale, pt ≤ βM(nt) by (4), so pTδ
≥ 1− ε forces βM(nTδ

) ≥ 1− ε, that is,
nTδ

≥ Λ(L(1− ε)− λM). ■
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Proofs for Section 5
The proof of Proposition 11 uses the following solution of the restricted pump-and-harvest

problem.

Lemma A.3. The function δ̄H is strictly increasing from zero to one on [x2, 1). Hence δ̄H(n∗(δ)) =
δ has a unique solution in (x2, 1). An optimal stationary policy pumps below n∗(δ) and harvests
above it, with both actions optimal at equality. Choosing harvesting at equality gives (37).

Proof. Direct differentiation gives

δ̄′H(n) =
(1− θ−1)

[
x1(1− n)2 + θ−1(1− x1)n

2
]

(n− x1)2[1− (1− θ−1)n]2
> 0.

Moreover, δ̄H(x2) = 0 and δ̄H(n) → 1 as n ↑ 1.
The restricted discounted problem has a deterministic stationary optimum by the contraction

argument of Proposition 1. At n > x2, harvesting under such a policy continues forever, since it
leaves the state fixed. Pumping forever earns x1/(1− δ), strictly less than pumping once and then
harvesting. Thus an optimal stationary policy makes finitely many pumps before harvesting.

The value of K pumps followed by harvesting is

ΠK(n) =
x1(1− δK) + δKb(gK(n))

1− δ
,

where K ≥ 1 is required at n = x2. Since b(g(x)) = x,

ΠK+1(n)− ΠK(n) =
δK [gK(n)− x1]

1− δ

[
δ − δ̄H(g

K(n))
]
.

The bracket decreases strictly with K. The smallest maximizing pump count is therefore K∗(n, δ),
which is at least one at x2. This proves the policy and value formula. If a reachable belief equals
n∗(δ), harvesting there or pumping once more gives the same value. ■

Proof of Proposition 11. By Lemma 3, H := [0, 1]× [x2, 1) is absorbing. For n > x2, Proposition
1 reduces the price choice to pumping at x1, harvesting at b(n), or screening at g(n). At x2,
b(x2) = x1 is a pump, and off-band pooling at x−1 must also be considered.

The restricted value is feasible. Pumping once and then harvesting implies

(1− δ)V PH(n) ≥ (1− δ)x1 + δn ≥ (1− δ)x1 + δx2 ≥ α.

Screening leaves n fixed and earns g(n)ρ(r) ≤ αg(n) < α. Thus, evaluated at the continuation
value V PH , its Bellman payoff satisfies

g(n)ρ(r) + δV PH(n) < V PH(n).

The restricted value also satisfies (1 − δ)V PH(n) ≥ b(n), so off-band pooling at x2 and prices
rejected surely cannot improve it. Consequently, V PH , viewed as a function independent of r, sat-
isfies the full Bellman equation on H. Contraction gives Vδ = V PH there and the strict inequality
excludes screening. Lemma A.3 supplies the threshold policy. Its monotonicity in δ follows from
the strict increase of δ̄H . ■
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Proof of Lemma 7. At j ≤ −2, Proposition 1 reduces the relevant prices to pooling at pPj , screen-
ing at pSj , and an in-band price that is rejected surely and moves j to j − 1. An off-band rejection
leaves both beliefs fixed and is dominated by pooling.

For j ≤ −3, compare any policy using these actions at (r, xj) with the policy at (r, xj+1)
that chooses the same action type after each sequence of outcomes. Couple the private signals.
Purchase decisions and the seller’s posterior are identical on the two paths, while the second naïve-
belief index remains one step higher. Pooling and screening prices are therefore higher on that
path, and in-band rejections yield zero on both. Taking suprema proves Wj(r) ≤ Wj+1(r).

An in-band price at j ≤ −2 consequently yields δWj−1(r) ≤ δWj(r) < Wj(r), where strict-
ness uses Wj(r) ≥ pPj /(1− δ) > 0. ■

Proof of Proposition 12. Fix j ≤ −2 and abbreviate ∆v := ∆v(j). By Lemma 7, the Bellman
equation is

Wj(r) = max
{
pPj + δWj(r), p

S
j ρ(r) + δ

[
ρ(r)Wj(g(r)) + (1− ρ(r))Wj(b(r))

]}
.

Revealing quality gives the upper bound

Wj(r) ≤
rmax{pPj , αpSj }+ (1− r)max{pPj , qpSj }

1− δ
.

Pooling forever attains it in case (i), and screening forever attains it in case (ii). Their values are
respectively pPj /(1− δ) and pSj ρ(r)/(1− δ).

For case (iii), let τm be the number of screening periods needed for the posterior’s log odds to
fall by mℓ from its starting point, with δ∞ := 0. Conditional on v, first-step analysis and the strong
Markov property give

Ev[δ
τm ] = zmv , zv :=

1−
√

1− 4δ2αq

2δdv
.

Indeed, the one-step expectation is the unique root in (0, 1) of z = δ[(1−dv)+dvz
2], and successive

downward passages multiply their discount factors. The roots satisfy 0 < z1 < z0 < 1 and
z0 = θz1.

Define

r∗j :=
−∆0(1− z0)

∆1(1− z1)−∆0(1− z0)
. (59)

This is the unique zero of the strictly increasing function B(r) := r∆1(1−z1)+(1−r)∆0(1−z0).
Also, B(r̂j) = (1− r̂j)(−∆0)(z0 − z1) > 0, so r∗j < r̂j .

Consider the policy that screens for r > r∗j and otherwise pools forever. Write W := pPj /(1−
δ). For r ≤ r∗j its value is W ; for r∗j < r < 1, let m(r) := ⌈[L(r) − L(r∗j )]/ℓ⌉. The expected
number of discounted screening periods in state v is (1− z

m(r)
v )/(1− δ), giving the policy value

W ∗
j (r) =

pPj + r∆1(1− z
m(r)
1 ) + (1− r)∆0(1− z

m(r)
0 )

1− δ
. (60)

At r = 1 the value is αpSj /(1− δ). We verify this bounded candidate in the Bellman equation.
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If r ≤ r∗j and g(r) ≤ r∗j , screening’s excess value over pooling is r∆1 + (1 − r)∆0 < 0. If
r ≤ r∗j < g(r), a favorable update puts the posterior one step above its stopping point. Let S(r) be
the screening Bellman payoff evaluated at W ∗

j . Bayes’ rule and the root equations give

(1− δ)
[
S(r)−W

]
=

δq

z1
B(r) ≤ 0,

with equality exactly at r = r∗j .
For r∗j < r < 1, screening reproduces the candidate by policy evaluation. To compare it with

pooling, write Ω(r) := r/(1− r) and m := m(r). Then Ω(r) > Ω(r∗j )θ
m−1 and

1− zm0
1− zm1

=
1− z0
1− z1

∑m−1
k=0 θkzk1∑m−1
k=0 zk1

≤ θm−11− z0
1− z1

.

Since Ω(r∗j ) = −∆0(1− z0)/[∆1(1− z1)], these inequalities imply

(1− δ)W ∗
j (r)− pPj = r∆1(1− zm1 ) + (1− r)∆0(1− zm0 ) > 0.

Thus screening strictly dominates pooling above the cutoff. The endpoint posteriors follow directly
from the known-state comparison. Contraction now gives Wj = W ∗

j and the stated optimal actions.
On the prior-generated lattice the corresponding index is i∗j = 1 + ⌊[L(r∗j )− L(µ0)]/ℓ⌋ ∈ Z. ■

Proof of Corollary 1. The preceding proof establishes r∗j < r̂j . Rationalizing the root gives

zv =
2δαq

dv
(
1 +

√
1− 4δ2αq

) .
As δ ↓ 0, both roots tend to zero, so (59) converges to r̂j . As δ ↑ 1, z1 → q/α < 1 and z0 → 1.
The numerator in (59) then tends to zero and its denominator to ∆1(1 − q/α) > 0, proving the
second limit. ■

Proof of Proposition 13. Let ωj := µ0θ
j/(1− µ0). Then

xj−1

xj+1

= θ−21 + ωj+1

1 + ωj−1

is increasing in j. Hence (43) implies xj−1 ≤ qxj+1 for every j ≤ −2. Proposition 12(ii) then
makes screening forever optimal in both known states throughout the frozen region. Rearranging
(43) also gives ω0 ≤ (α2 − q)/q2, which is equivalent to (44); at µ0 = 1/2 it reduces to α ≥ 2/3.
The derivative (µfr)′(α) = (1− α)(3α− 1)/[α2(2α− 1)2] > 0 gives its stated monotonicity.

Proposition 11 supplies the common policy for j ≥ 2. Fix d ∈ {q, α}. At the remaining
beliefs, the proposed policy has value J1 at j = 1 and satisfies (41)–(42). Solving these equations
gives

J0
d =

dx1 + δdJ1 + δd(1− d)x0 + δ2(1− d)2JF
d

1− δ2d(1− d)
.

The denominator is positive, so these equations uniquely determine the candidate values.
At j = 1, pooling at x−1 and off-band screening at x2 leave the known-state problem un-

changed. Their Bellman inequalities are therefore equivalent to J1 ≥ x−1/(1 − δ) and J1 ≥
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dx2/(1− δ). In-band screening at x1 gives the third comparison in (45). At j = 0, the alternative
is pooling at x−1, yielding (46). At j = −1, pooling at x−2 and off-band screening at x−1 give
(47). An in-band sure rejection yields δJF

d < JF
d ≤ J−1

d and cannot improve the value. Thus the
proposed bounded values satisfy each known-state Bellman equation. The policy, which depends
only on n, attains (39) and is optimal for every r.

Strict inequalities imply unique prices at j ≤ 1. If n∗(δ) is not a lattice point, the high-belief
prices are also unique. Continuity of the finite comparisons and local constancy of the high-belief
stopping index give the neighborhood claim.

Finally, from the prior a purchase leads to pumping with probability dv. A rejection followed
by a recovery purchase returns n to the prior with probability (1− dv)dv; two rejections lead to the
frozen region. Consequently,

ϖv = dv + (1− dv)dvϖv,

which gives (48). The probability of repeating the recovery cycle indefinitely is zero because
dv(1− dv) < 1. ■

Verification of the example in Section 5.3. For (µ0, α) = (1/2, 7/10), inequality (43) is strict be-
cause α > 2/3. Also x1 = α and x2 > x1, so (36) is strict for every δ > 0.

Write U := (1− δ)V PH(x2) and Ĵ := (1− δ)J for each candidate value. Pumping twice from
x2 and then harvesting at x3 = 343/370 gives, for δ ≥ 4/5,

U ≥ x1(1− δ2) + δ2x3 ≥
7819

9250
=: U0. (61)

Each normalized gap in (45)–(47) is increasing in U . For the in-band screening comparison at
j = 1, its derivative is

δ(1− d)[1− δ2d(2− d)]

1− δ2d(1− d)
> 0;

the other derivatives are immediately positive from (41)–(42) and Ĵ1 = (1−δ)x0+δU . It therefore
suffices to set U = U0.

Put t := 5δ − 4 ∈ [0, 1). Substitution into the ten comparisons other than in-band screening
at j = 1, followed by clearing positive denominators, gives polynomials in t with strictly positive
coefficients. The two remaining gaps have common positive denominator 925000(2164 − 168t −
21t2) and numerators

709685496− 79621628t− 29246532t2 − 1724961t3, d = 3/10,

98408984− 35990012t− 20942628t2 − 1809969t3, d = 7/10.

Both decrease on [0, 1] and at t = 1 equal 599092375 and 39666375, respectively. All comparisons
are therefore strict throughout [4/5, 1). Continuity gives the stated neighborhood property for the
intermediate- and low-belief actions.

At δ = 9/10, the high-belief indifference equation is 360n2 − 302n− 49 = 0. Its positive root
lies strictly between x4 = 2401/2482 and x5 = 16807/17050. Thus the seller pumps at j = 2, 3, 4
and then harvests at x4. Substitution into (37) and (40)–(42) gives

J1 =
53078699

6205000
, Vδ(1/2, 1/2) =

282267428

51495295
≈ 5.4814.
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Finally, (48) with d0 = 3/10 and d1 = 7/10, weighted by the common prior, gives the reported
outcome probabilities.

On frozen paths, subsequent purchases reveal independent signals with state-conditional prob-
abilities α and q. The law of large numbers therefore implies that the seller’s posterior converges
almost surely to v, while buyers’ public belief remains x−2.

For every fixed δ ∈ [4/5, 1), the expected long-run per-period surplus is

lim
t→∞

E[(v − c)at] =
1

2

[
ϖ1 + (1−ϖ1)α

]
=

763

1580
.

Efficient trade yields 1/2, so the difference is 27/1580. ■

Proofs for Section 6
Proof of Proposition 14. For part (i), since c < p̄, pP (n) < c if and only if β1(n) < c, which is
equivalent to n < nP

c . Each pump raises log odds by at least ℓ1 > 0 by Proposition 3, so repeated
pricing at pP (nt) reaches nP

c after finitely many periods.
For the claim about the sharp coefficient, use the construction in Proposition 4 with N(δ) =

⌈λ−1
M log[1/(1− δ)]⌉. The policy calculation in its proof bounds the shortfall by χ log[1/(1− δ)]+

C(n0). The policy-independent lower bound in Proposition 6(ii) then shows that this construction
attains the coefficient χ.

For part (ii), let d := µ0f1(M) + (1− µ0)f0(M) > 0. Starting from the common prior, post p̄,
exit after a rejection, and continue optimally after a sale. A sale reveals signal M and takes both
beliefs to βM(µ0) = p̄ > µ0. Hence

Vδ(µ0, µ0) ≥ d
[
p̄− c+ δVδ(p̄, p̄)

]
.

By Proposition 5, the right-hand side is positive for all sufficiently high δ < 1.
At the common prior, every off-band price leaves both beliefs unchanged and yields nonpositive

current profit when c > p̄. Its Bellman payoff is therefore at most δVδ(µ0, µ0) < Vδ(µ0, µ0). Every
optimal initial price must consequently lie in I . Such a price is strictly below cost and induces a
sale with positive probability, giving strictly negative expected current profit. ■

Proof of Proposition 15. The shortfall identity (52) does not depend on the off-band completion,
so it applies under Assumption 2. In period zero, any realized sale satisfies p0 ≤ βM(n) by (4), so
flow profit is at most max{0, βM(n)−c} and the period-zero shortfall is at least 1−max{c, βM(n)};
all shortfalls are nonnegative, which gives the lower bound.

For the upper bound, set T := K0(n) + 1 and pump in band for T periods. In-band updating
is unchanged, so Proposition 3 gives nT > ncap. Thereafter post β1(nt) > p̄ in every period. Each
sale is certain and, under Assumption 2, adds λM to buyers’ log odds. Thus, for every k ≥ 0,
L(nT+k) = L(nT ) + kλM . Using L(ncap) + λ1 = L(µ0) + λM ,

1− β1(nT+k) ≤ e−[L(nT )+λ1]e−kλM ≤ e−[L(µ0)+λM ]e−kλM .

Each of the first T periods has shortfall at most one. Bounding all discount factors by one and
summing the geometric bound for the remaining periods gives the right-hand side of (51). ■
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